Physics 4500
Final Examination
15 April 2005

Duration of the examination: 120 minutes. Either attempt one question from Part A and three questions from Part
B, or attempt two questions from Part A and two questions from Part B. All questions have equal value.
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Part A

Find the non—zero components of the Maxwell stress tensor for a monochromatic plane wave travelling in the
z—direction and linearly polarised in the y—direction (remember that T represents the momentum flux density).
How is the momentum flux density related to the energy density?

Consider two equal charges g, separated by a distance 2d.

(a) By integrating Maxwell’s stress tensor over this plane, determine the force of one charge on the other.

(b) Do the same for two charges of equal magnitude but opposite sign.
Part B

Suppose that an electron is harmonically bound to an atom with spring constant k = mew3, and is subject to an
electric field Ege~*“* in the x direction, and is displaced z from its equilibrium position. Assuming the presence ofa
drag or damping force proportional to the negative of the electron’s velocity, so that it is of the form —m.y (dz/dt),
find and solve the equation of motion of the electron. How does the phase difference between the electron motion
and the electric field depend on the damping coefficient v?

Show that if A (x,£), @ (x,t) obey the Lorentz gauge condition then both satisfy inhomogeneous wave equations.
Hence find an expression for A (x,t) in terms of the (localised) current density using the appropriate retarded
potential or Green function. Specialise this for the case that J (x,t) = —ww§ (x) e™*“* where = is a constant
vector.

Find the electromagnetic field from a point charge moving with constant 3—velocity in some inertial frame. You
may assume that the Faraday tensor is covariant under Lorentz transformations.
(a) Show that the expression
2 +y? + 2%~ (ct)®

is invariant under a boost. Show also that nonrelativistic equations of motion, say

d?x; _ X1—Xp
a2z "le “xaf
d®x; X2 —X
a2~ lxl _ les

with k a constant, are invariant under a Galilean transformation but not under a boost.

(b) Show that the equations
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are equivalent to two of the Maxwell equations.




9 The spherical Bessel functions

Bessel’s equation:

dy 1dy 2
@+;£+(l'§)=°-

Spherical Bessel, Neumann, and Hankel functions:

1@ = |[Ein@
@) = [Ny @
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B (@) = 5B (@)

For small z
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(@) = 1-3-5-....(2l+1)(1+0(“’))’ =01
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no(ll!) = —;(1‘*'0(1'2))
n(zx) = 1-3.5';;'(21—1)(1+0(x2)), 1=12,...
For large =
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Formulae

Spherical coordinates:

dl
Vf(r)
V.v(r)

V xv(r)

Vif(r)
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Cylindrical coordinates:

V -v{r)
V x v(r)

Vif(r)

dl
Vf(r)

dsis+sdcpip+dziz; dV = sdsdpdz
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Gradient theorem: / ° (Vf)-dl=f(b) - f(a)

(svs)

Divergence theorem: A (V-v)dV = f; v-dS

Stokes’s theorem: / (Vxv)-dS= ]( v-dl
=) P

Electrostatics:

1 p(r')
4meg Jv 'r - r"
1 p(r')
4meg Jv |r — 1’|

-VV (r)

E(r) = 3 (r—r') dV’

dvl

@ (r)
E(r)

V-E(r)

V x E(r)
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Magnetostatics:

_ oo fI(M)x(r=x) o g, fdl x(r-T)
B(r)_4;/ Ir - dl_472[/ Ir—rf

l..I —_y
o - 2 (20
B(r) = VxA(r)

_ l‘O J (l") /
A(r) = o S | dV’ in Coulomb gauge
V-B(r) = 0

VxB(r) = ul(r)

/.; (V X B) -dS = fp B-dl =g Ienclosed
V-A(r)=0  Coulomb gauge condition

Equation of continuity:

Op (r,t) _
V-J(r,t)+ 5 0.
Maxwell’s equations where permeability and permittivity are close to their vacuum values:
V'E(r:t) = p(r,t)/so (Ml)
V-B(r,t) = 0, (M2)
V xE(rt) = -3B§’t) (M3)

OE (r, t)

V xB(r,t) = ped(r,t)+ecopo
o dl; -dl;

Mo=14
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Neumann’s formula:

Poynting vector:

Constants:
g0 = 8.85x1072C%2.N"1.m™?

po = 4rx107TN-A"2
c = 3.00x10%8m-s!




wl

Formula Sheet

1 Maxwell equations

The Maxwell equations in vacuo are:

V-B = 0 (1)
V-E = p/e 2)
oB
VXE+E = 0 (3)
)
VXB—,U.QE()—E = puod (4)
at
where
po = 4rx10"TN-A2
€ = —1—2=8.85410‘1202-N’1-m"2.
Hoc
In material media:
V.-B =0 (5)
V-D = p (6)
B
VXE+E = 0 (7)
oD
VXH——a? = J (8)
and
1
H = —B-M
Lo
D = SE+P
2 Vector calculus
Laplacian:

v?psriz{[x-v+1]x-VF+(xxV)2F} ©)

A useful rule: in three dimensions, €;jr€im = 6j16km — 6jm bk -

3 SR
The general boost:
X' =x+(y- 1)‘,.‘;_';_5 — yBct. (10)
Setting xg = ct in an extended Cartesian tensor notation,
g = (o — Bizi) (11)

ViV5
2

T, = zi+(y—1) zj —vBiTo (12)
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with i, 7 = 1.2,3 and summation convention used.

Line element, using proper co/contravariant notation, with 0 =ct:

d82 = d.’Ez +dy2 + dZ2 — c2d = - (d$0)2 + (d:l.'l)z + (d.’la'z)2 + (d$3)2 (13)

Faraday tensor:

0 —Ez -Ey —Ez 0 Ez Ey Ez
FHY — Ez‘ 0 —CBZ CBy F., = —Ez 0 "'CB; CBy
| E, cB. 0 —cB: |’ # = —E, cB; 0 —cB;
E, —-cB, cB; 0 —-E, —cBy cB: 0
4 Gauge

Coulomb, transverse, or radiation gauge:

V-A=0

Lorentz gauge: 15 '
A+ Lo _ J A
VAt =0 V4

5 Green functions

Electrostatic:
2 -1

47 |x — x'| =8(x=x)

Wave equation:
182 / /
(v2 - ;av) G (x,t;%,t) = —4nb (x —x) 6 (t — t)

G (R e = X g

R
o0 ,kkR
G (x,t;x, ¢/ =§1—/ %e-w(‘“")m,
T J—oo

1 00 eiLkR
G&E (R,7) = o / % e~ dw.

For a nondispersive medium
1 R
& (R,7) = 3 =). 14
G (R, ) R5(T:Fc> (14)

6 Stokes parameters

These are given by

[@1-El +[& - E* = a} + o}

]
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s = [&-Ef -8 Ef=di-q;
.52 = 2Re[(@-E)" (& -E)] = 2a,a2 cos (6; — )

83 = 21Im [ 31 E)* (32 . E)] = 2(1102 sin (52 - 51) .

or

o = [ Bf+[e B =al4a?

si. = 2Re[(8}-E) (&2 -E)| =2a40-cos (8 —5)

2Im [(&} - E)" (62 - E)| =20,a_sin (6, — 6-)

o5 B ~[or - B* = a2 a2

52

i

33

7 Interface of two nondissipative linear media:

The boundary conditions are:

D - 1 continuous: [e(Bo+ Ef) —¢’Eg]-0n=0
B - 1 continuous: (kxEo+k”"xEj-k'xEp]-n=0

(15)
E x 1i continuous: [Eo+Ef —Ej) xn=0

H x & continuous: [(1/p) {k x Eo + kK’ x Ej} — (1/p) {K' x Ep}] xn =0

8 Spherical harmonics

The first several spherical harmonics are:

1
Yoo (191 ‘P) = ﬁ

/3 . w___/3a:+1,y
Yu (19: ‘P) 8T sinde - 87 r
3 3
No(@9) = gz0s? =\
3

. . 3 z—-
Yi,-1(9,0) = \/asmﬁe ? = ‘/—8—7? rLy

e R

Yor () = \/glé—-—-s;sinzﬁez“ﬂ = %;;r.@_%ﬁ
Ya (d,9) = —\/gsinﬂcosﬂe‘“’ = - g(ﬂ;;y)z
Yoo (9,90) = %(scoszﬂ—n = \/mzwgiz_:%z_:}!f
Vo1 (@9) = —Yi(de) = ;_:__(m—r;y).z

15 (@-w)®

Yz, -2 (Bp) = Ynp(de = 397 2




