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1. Determine how many integers from 1 to 10,000 inclusive are divisible by 4 but not by 5.

Solution

We find the number that are divisible by 4 and subtract the number that are divisible by both
4 and 5. Since 1%2% — 9500, and since a number is divisible by both 4 and 5 if and only if it

4
is divisible by 20, and since 105%00 = 500, the answer is

2500 — 500 = 2000.

2. (a) Factor completely: a® + 4b° — a?b® — 4a3b?

Solution
a® + 4b° — a?b® — 4a3? = a® — b3 + 4b° — 4a3)?
a*(a® — b3) — 4b*(a® — b%)
= (@~ 48%)(a" ~ )
= (a — 2b)(a + 2b)(a — b)(a® + ab + b?).

b) Given that a = —— and b= —2 , solve for z and y in terms of a and b.
2 1 2 2 | .2
Tt +y ity
Solution
a®+ b = v + v _ oty
- (xQ +y2)2 <x2 +y2)2 o (xQ +y2)2 o2 +y2 ’
So 2% +y? = PONWTE Then
r=a(x? +9°) = — % and y = b(z? +9?) =

a? + b? a? 4 b2’
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3. For ABCD a square, let M and N be the midpoints of BC' and C'D, respectively, and let 6
be angle M AN. Find sin 6.

Solution
Without loss of generality we may assume the square has length B 1 M 1 C
2. So by the Pythagorean Therem we have MN = /2 and /s
AM = AN = /5. Then using the Law of Cosines, B 1
) N
2="5+5—2V5V5cosb 9 .
10cosf = 8 Ve
4 A 2 D
0=—.
cos 3
Then
452 9 3
o G =\%-73

4. Find the equation of the tangent line to the curve 22 4+ 2y? — 62 + 2y —5 = 0 at the
point (%,1).
Solution

Completing the square we get
202 +2y? — 6 +2y —5 =10
2(2* =3+ )+ 2’ +y+1) =5+5+3
2@ -3 +2(y+3)° =10

(0= 32+ (y+ 1) =5.

So the curve is a circle with center C(2,—3) and radius r = V5. The slope of the line
through the center and the point A(Z,3) on the circle is
1_ (_l) 1
mac = 2 7 32 = 5
27 2
Since the tangent line T' is perpendicular to AC, the slope of the tangent line is mp = —2.

So the tangent line has equation

y—3=—2@—3)
y:—2m+%.
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2 2 14
5. Find all solutions to the system of equations x +y =2 and T + vo_ 3
Y x
Solution
14 343 — 22 — 2
Since — = Ty :(x—f—y)(x :ch—i-y) (z Iy+y),then7xy:3x2—3:cy+3y2.
3 Ty Ty xy

1
Hence, 32% — 10zy + 3y* = 0, so (3z — y)(z — 3y) = 0. Since y = 3z or y = 3% then

substituting in the equation z 4y = 2, we easily see that the solutions are (3,2) and (2, 3).

6. Ten points are scattered inside a 9 x 12 rectangle. Prove that at least two of the points are
within 5 units of each other.

Solution

Divide the rectangle into nine rectangles, as indicated. Each
rectangle has diagonal of length /3% + 42 = 5. But since there
are 10 points, at least two of them must line in the same rect- 3
angle, and these two points are within 5 units of each other.

7. Find three complex numbers z such that 2* = .

Solution
Let z = a + bi, where a and b are real. Then
23 = a® + 3a%bi + 3ab®i® + b33
= a® + 3a®bi — 3ab® — b3
= a(a® — 3b%) + b(3a® — b?)i.

Since 2% = 7, we have the system of equations
a(a® —3b*) =0
b(3a® —1?) = 1

From the first equation we get a =0 or a? = 3b% If a =0, then b(0—0?) =1. So b* = —1,
and b= —1,andso z=0—1i=—i. If a® = 3b% then

(9b2—62)
b =1
p=1

If b=31, then a*=3b?=3(1), and then a = :l:@, and so z = :l:? + 2i. So the numbers
are

— _ V3, 1. _ VB 1
z=—i, 2= +5 and z= -3+ ;i
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Or, alternately,

Since 2% — i = 0, then 2z® +i® = 0, since i> = —1. Factoring the sum of two cubes we get

(z+1)(2% —iz+1i?) = 0, so either z = —i or 22 —iz —1 = 0. Completing the square, we obtain
; : ; ] . 5
(22 —iz + (%)2) - (%)2 —1=0. That is\,/gz — %)2 +1- 1 =0 Hence (z — %)2 =7 and so
) 3
the three solutions are z = —1, z = % + -

8. A polynomial P(z) has P(1) =3 and P(2) = 5. Find the remainder when P(z) is divided
by (z —1)(x —2).
Solution

Since (z — 1)(x — 2) has degree 2, the remainder R(z) must have degree less than 2, and
hence we can write

P(z) = (x —1)(z — 2)Q(x) + ax + b.

Then W

P(1)=3 = a+b=3 a=2

= = R(z)=2 1.
P2)=5 = 2a+b=5 b=1 (z) =20+
9. Consider the sequence aq,as,as, ... of positive numbers in which each term is one more than
its predecessor, divided by the term before that. For example
2,5,3 13 2,5,3
) ) Y 57 57 ) Y ottt
Prove that any such sequence always has period 5.
Solution
1
Let the first two numbers be a; = x and a, = y. Then the next term is a3 = 4 , and the
next one is
y+1
T ey
ay = - )
(Y xy

and the next one is

r+y+1 r+y+1+ay

— +1

0 — Ty _ Ty ::U(1+y)+(1+y)' ro_x+l
b y+1 y+1 Ty y+1 y
x x
and the next one is
z+1 1
0 — Y _rty+1l o wy .
ST rty+1 Y r4+y+1
Ty

Thus the sequence repeats with period 5.
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10. A circle is inscribed in a square. Four semicircles with
their flat sides along the edge of the square and tangent to

the circle are inscribed in each of the four spaces between

the square and circle. What is the ratio of the area of
the circle to the total area of the four semicircles?

Solution
Let R be the radius of the large circle and r the radius
" of the smaller circle. Then
”
R (R+71)* = R+ (R —r)?
R*+2Rr +r* = R*+ R* — 2Rr + r?
R ARr = R?
g B
T
Then the ratio of the area of the circle to the total area

of the four semicircles is

T R? 1 /R\? 1
— = (=) ==(4)?=s.
2(7") 2()
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