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1. Determine the number of integers between 1 and 100 which contain at least one digit 3 or at
least one digit 4 or both.

2. Suppose = +y = 3 and 2% + 3® = 9. Calculate zy.
3. Find all values of x satisfying

|z — 1| = 2|z| = 3|z + 1] .

4. Suppose f(z) is a polynomial of degree 5 such that f(x) is divisible by z* and f(x) — 1 is
divisible by (z — 1)?. Find f(z).

M= 4+ VI5+\/a- V5 —2\/3- V5

The exact expression for M can be written in the form M = v/A. Find A.

5. Let

6. Let x,y, z be 3 real numbers with the property that sinx +siny+sinz = 0 and cosx + cosy +
cos z = 0. Show that for these numbers z, vy, z, the following statements are true:

(a> cos(¢ — x) + cos(¢p —y) + cos(p — 2) =0 for any ¢.
(b)
sin®z + sin® y + sin® z = 3/2.
(Suggestion: set ¢ = x + y + z in the identity in part (a).)
You can use cos(a + b) = cosacosb — sinasinb for any a, b.
7. Find all ordered pairs of integers (z,y) satisfying the equation
v* +yt =2z +y) +ay

8. Recall that two positive integers are relatively prime if their greatest common divisor is 1.
For example, 3 and 4 are relatively prime, but 3 and 6 are not.

The Euler totient function is a function, ¢(n), that takes a positive integer n and outputs
the amount of positive integers that are both strictly smaller than n and relatively prime
to n. For example, ¢(12) = 4 since 1,5,7, and 11 are relatively prime to 12. An important
property of ¢ is that if m and n are relatively prime, then ¢(m xn) = ¢(m)@(n). For example,
?(12) = d(3)p(4) = 2 x 2 =4. Find ¢(2018).
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9. A Pythagorean triple is a collection of three positive integers, a < b < ¢, such that
a® + b* = 2. For example, (5,12,13) is a Pythagorean triple since 25 + 144 = 169.

(a) What is the smallest possible integer a that could be inside a Pythagorean triple? Justify
your answer.

(b) Find a Pythagorean triple in which a = b or explain why this is not possible.

10. a) Two circles of the same radius are touching each other at point A and their common tangent
line at points B and C respectively. Prove that angle BAC' is 90°.
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Figure 1: for problem 10(a)

b) Two circles of radii 1 cm and 2 cm are touching each other at point A and their common

tangent line at points B and C respectively. Find with an explanation the value of angle
BAC (in degrees).

Figure 2: for problem 10(b)
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