
1

Process Dynamics and Control

Dynamic Modeling
The First Principles Appproach

Salim Ahmed

Salim Ahmed Process Dynamics and Control



2

1 Relationships Among Process Variables

1.1 Example set of variables

• Consider the reactor and separator system. There is a
large set of variables related to the operation. For ex-
ample, for the reactor the following sets of variables are
identified.

◦ Feed: temperature, composition, flow rate

◦ Reactor: temperature, pressure, level of liquid, con-
version

◦ Outlet: composition, flow rate

◦ Coolant: flow rate, temperature

• Some variables are measured while others are unmea-
sured.

• A process can be under a set of controllers or it may be
operated without any control.

1.2 Using relations among variables for control

• Irrespective of whether a variable is measured or not,
and whether a process is under control or without any
control, variables experience cause and effect relations
with other variables.

• For example, the temperature inside the reactor affects
the rate and thus the conversion of reactants; the flow
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1.3 Modelling steady state relations 3

rate of the coolant affects the reactor temperature and
so on.

• The task of controllers is to exploit those relations to
maintain certain variables at desired values.

• So, it is necessary that the relations among variables are
well understood; this understanding, or in other words,
some sort of model of relations among variables, is de-
veloped using a combination of process knowledge, sci-
entific principles and process data.

1.3 Modelling steady state relations

1.3.1 Steady state relations: Example - distillation

• The relations between two variables can be expressed
in different ways. For example, for a distillation column
operation, there exists a relation between reflux ratio and
product composition.

• These relations can be obtained by theoretical calcula-
tions considering material properties as well as column
characteristics and operating conditions. Also the rela-
tions can be obtained by measuring the top composition
at different reflux ratios. A hypothetical data set relating
top composition of a distillation column and reflux ratio
is presented in Figure 1.
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Figure 1: Typical relation between reflux flow and top product composition in a distillation column.

1.3.2 Steady state relations: Example - reactor

• Similar relations can be obtained for coolant flow rate
and reactor temperature as shown in Figure 2, speed of
car and fuel flow, level of liquid and inlet flow and so on.

1.3.3 Use of the steady state relations

• These relations are useful to determine what will be the
value of one variable at a certain value of another.

• For example, if the coolant flow rate is maintained at a
certain value, what will be the temperature in the reactor
assuming that other variables remain the same.

• Such relations are known as steady state relations refer-
ring to the fact that transitional behavior are not cap-
tured therein.
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Figure 2: Typical relation between coolant flow and reactor temperature.

1.3.4 Limitations of the steady state relations

• However, it is not useful to determine how the temper-
ature in the reactor will change if the coolant flow is
changed from one value to another. Will the change
be linear, monotonic or follow an oscillating path, is not
determinable from these relations.

• Also how long will it take for the affected variable, e.g.
the reactor temperature, to reach the next steady value,
cannot be determined from these relations.

• To capture how an output changes with time when an in-
put is changed, another type of models, namely, dynamic
models are required.
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Figure 3: Typical transition in reactor temperature (right) with a change in coolant flow (left).

1.4 Dynamic Relations

1.4.1 Dynamic Relation example

• A dynamic relation expresses how one or a set of output
changes with the change in one or a set of inputs as well
as how the variables change with time.

1.4.2 Importance of dynamic relation for control

• The transitional behavior is important for control.

• The performance of control is, in fact, determined by
how the transition from one steady state to another is
attained or how a process is brought back to its steady
state when any deviation is caused due to disturbances.

• For example, for the speed control of a car, if the driver
wants to change the speed from one value, say 60 km/h
to another, say, 80km/h, then how the fuel flow is ma-

Salim Ahmed Process Dynamics and Control



7

nipulated to make this transition determines the driving
control performance.

• For the pool level control problem, if it is desired to
decrease the level of water in the pool by manipulating
its inlet flow, one may choose to monotonically decrease
the inlet flow. Alternatively, one can decrease the inlet
flow by a large value and then increase it slowly. These
two control actions will result in different patterns in how
the level goes from its initial steady value to its final
steady value. These pattern will depend on the dynamic
relation between the level and inlet flow.

2 Workout: Modeling knowledge inven-
tory

F1i

Pool 1

A1

F1o

Pool 2

A2
F2o

F2i

Figure 4: Schematic of the swimming pools. Standard notations for area (A) and flow rate (F ) are used.

• Consider the pool example; we wanted to know whether
Sam, the little boy in Pool 2 will drown when the inlet
flow to pool 1 was increased suddenly. To know it we
need a model for the process.
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• Using your knowledge on modeling, find a model for the
swimming pools considering the above scenario.

3 Modeling Dynamic Relations

3.1 Governing laws

• Dynamic relations among process variables are governed
by the laws of nature.

• For example, the downward flow of a liquid is governed
by gravitational force and can be explained by laws of
motion. The rate of a reaction and its dependence on
reaction condition can be explained by the rate equa-
tions.

• Scientific principles those explain natural laws are the
main tools for modelling dynamic relations. Principles
of thermodynamics, mechanics, kinetics, heat transfer,
mass transfer as well as the conservation principles form
the bases for dynamic modelling.

3.2 Conservation principles

• Specifically which principles are required is determined by
the specific problem in hand. However, often the three
conservation principles are the staring point in dynamic
modelling which are:
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1. Conservation of mass

2. Conservation of energy

3. Conservation of momentum

For most process control problems, the momentum bal-
ance is not required. Also if the temperature is not within
the input-output set, the energy balance equation be-
comes irrelevant.

3.2.1 Conservation of mass

The overall mass balance can be presented as Rate of
accumulation
of mass

 =

{
Rate of
mass in

}
−
{
Rate of
mass out

}
(1)

The component balance for any component i can be pre-
sented as
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3.2 Conservation principles 10 Rate of
accumulation
of component i


=

 Rate of
component

i in

−
 Rate of
component

i out


+

 Rate of
generation

of i

−
 Rate of
consumption

of i

 (2)

Here, the rate of generation and rate of consumption re-
fer to generation and consumption due to chemical reac-
tions. The overall material balance together with the com-
ponent balance form the conservation of mass principles. It
is worthwhile to note the basic principle behind the above
equations; while a chemical species can be generated or
consumed, the overall mass remains the same.
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3.2.2 Conservation of energy

The conservation of energy equation can be written as: Rate of
accumulation
of energy


=

 Rate of
energy in

by convection

−
 Rate of

energy out
by convection


+

 Rate of
heat generation
due to reaction

 +

{
Rate of

net heat addition

}
+

{
Rate of

net work done

}
(3)

4 An application example

4.1 Relevant principles

• Consider the pool control problem.

• If there is no concern about the temperature of water,
the energy balance equation will be irrelevant.

• Also if the only component is water, there is no rele-
vance of the component balance as well. This leaves the
overall mass balance as the only conservation principle
of interest.
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Figure 5: Schematic of the swimming pools.

4.2 Notations

• In general we will indicate level by h, volumetric flow
rate by F , cross-sectional area of by A, and volume by
V .

• Subscripts will be used for denoting pool numbers, 1 and
2 and a second subscript i and o will be used to denote
inlet and outlet, respectively.

• t will be used to represent time. Regular notations for
derivatives will also be used. Also we will assume a con-
sistent set of units for all of the variables.

4.3 Pool 1 level model

The elements of the overall mass balance equation for pool 1
can be written as
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Rate of

Accumulation of mass

}
=
d(ρV1)

dt
(4){

Rate of
mass in

}
= ρF1i (5){

Rate of
mass out

}
= ρF1o (6)

The overall mass balance equation becomes

d(ρV1)

dt
= ρF1i − ρF1o (7)

Assuming the density of water to be constant, we have

dV1
dt

= F1i − F1o (8)

For Pool 1, V1 is constant and so dV1
dt = 0. So we get

F1i − F1o = 0 (9)

So we see that there is no dynamic relation associated with
the level of water in the pool. It is also obvious from the
structure that the level does not change with time.

4.3.1 Pool 2 level model

If the overall mass balance equation is written for Pool 2,
we have

d(ρV2)

dt
= ρF1o + ρF2i − ρF2o (10)
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Assuming constant density of water and using Eq.9, we
have

dV2
dt

= F1i + F2i − F2o (11)

As we are modelling level, V2 is expressed in terms of h2.
From principles of fluid dynamics, F2o can be expressed
as F2o = c

√
h2, where c is a constant dependent on the

resistance to flow in the pipeline. So we get

A2
dh2
dt

+ c
√
h2 = F1i + F2i (12)

Eq. 12 is the dynamic model relating the level of water
in pool 2 and the inlet flow rates into the pools. This
example shows how using the conservation principle along
with physical laws desired relations can be obtained.

5 First Principles Modeling

• The approach to find dynamic models utilizing the con-
servation principles along with principles of thermody-
namics, mechanics, kinetics, is known as the first princi-
ples modelling.

• In this section a number of examples will be presented to
illustrate the approach and develop dynamic model for
simple systems.

• Before proceeding to the examples let us list the step
by step procedure to systematize the first principles ap-
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proach. The procedure can be divided into the following
five steps.

5.1 Step 1 - Define modelling objective

• In the context of control, defining modelling objective
refers to the selection of input-output pair which in turn
defines the system boundary for the modelling exercise.

• In some cases, the output can be related to the input
through other variables; the link between input and out-
put is to be established first from process knowledge.

5.2 Step 2 - Gather process knowledge and information

• This step refers to identify knowledge regarding mechan-
ics of fluid flow, kinetics of chemical reactions, mecha-
nisms of heat and mass transfer and so on.

• Also information regarding equipment size and shape,
valve characteristics, fluid properties and operational con-
ditions are to be collected.

5.3 Step 3 - Develop model equations

•Model development refers to the use of conservation
principles along with kinetic, mechanistic information,
heat and mass transfer model to formulate the relations
among the concerned variables.
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• Note that to develop a model suitable for the purpose of
control, assumptions are also required.

5.4 Step 4 - Simplify model equation and standardize

• This step refers to simplification of the developed equa-
tion to explicitly express the relations between an input
and an output in a standard form.

5.5 Step 5 - Analyze and validate model

• The final step in the modelling exercise is to analyse the
obtained model to validate it against process knowledge
and data.

• A simplified model can be valid over a certain range; the
user needs to know the range of the variables over which
the model is valid.

6 Modeling example: Tanks in series

Consider the two tank system shown in Figure 6. To find a
model of the system, let us follow the five step procedure
described in Sec.5.
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F1i

F1o

Pool 1
A1

Pool 2
A2

F2o

h1

h2

Figure 6: Schematic of two gravity drained tank in series.

6.1 Step 1 - Define modelling objective

• The objective this exercise is to find a model between
the inlet flow to tank 1, F1i, and the level of liquid in
tank 2, h2.

• So the input is F1i and the output is h2.

• Relating these two variables considering the two tanks
as the system will result an accumulation term for both
tanks.

• However, to express in terms of h2, the accumulation
term of tank 2 should be considered separately.

• Now these variables are related through a couple of other
variables. F1o affects h1 that affects F1o. Finally F1o

affects h2.

• So the links of variables shown in Figure 7 are to be
used to get the desired model. Equations are required to
develop for each tank separately.
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Input Output

F1i h1

h1 F1o

F1o h2

Figure 7: Links among variables for the two gravity drained tank in series.

6.2 Step 2 - Gather process knowledge and information

• To model the level, one needs to know how the outlet
flow rate varies with the level of liquid in the tank.

• From the principles of fluid dynamics we know that out-
let flow from a source due to gravity is proportional to
the square root of pressure where pressure is directly pro-
portional to level.

So we have

F1o ∝
√
h1 (13)

F1o = c1
√
h1 (14)

• Similar relations are valid for tank 2. The proportionality
constant c1 depends on the resistance to flow through the
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outlet.

• There are no aspect of heat or mass transfer or reaction.

• In terms of process dimensions and operational condi-
tions, we need to know the cross sectional areas of the
two tanks, which are A1 and A2.

• At this point, we also need to make assumptions about
the system. We will assume that

◦ the density of the liquid is constant

6.3 Step 3 - Develop model equations

The overall mass balance equation for tank 1 will lead to

d(ρV1)

dt
= ρF1i − ρF1o (15)

With the assumption of constant density, ρ, and applying
Eq. 14, we get

A1
dh1
dt

+ c1
√
h1 = F1i (16)

• The relation between F1o and h1 is defined by Eq.14.

• To get the relation between F1o and h2, the mass balance
equation for tank 2 can be written which in combination
with the tank 1 level equation and Eq. 14 form the rela-
tion between F1i and h2.
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A1
dh1
dt

+ c1
√
h1 = F1i (17)

F1o = c1
√
h1 (18)

A2
dh2
dt

+ c2
√
h2 = F1o (19)

Note how each of the equations corresponds to the links in
Figure 7.

6.4 Step 4 - Simplify model equation and standardize

• The above model equations, although simple, require fur-
ther simplifications to get those in the forms of ordinary
differential equations (ODE).

• The nonlinear terms
√
hi are to be linearized. This will

be discussed in the next chapter.

• Also we will use another tool, namely, the Laplace trans-
formation to present the equations in the Laplace do-
main.

• As will be seen there, in the Laplace domain a single
expression relating the liquid level in tank 2 and the inlet
flow rate to tank 1 can be obtained in a standard form.

6.5 Step 5 - Analyze and validate model

•Model equations in the Laplace domain, when expressed
in a standard form, allows to analyze the models in terms
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of direction of change of the variables relative to one
another.

• A qualitative analysis can be taken as an initial validation
of a model.

• For further validation, input-output data from the pro-
cess is required. A matching of the process data with
the solution of the model ensures validity of the model
within the range of process data.

7 Modeling example: Chlorination of pools

• So far for the pools we have consider pure water coming
into the pool and the level of water in pool 2 was the
only concern.

• However, if the pools are continuously chlorinated by
adding chlorine in the pool 1 inlet flow and if the chlorine
amount is suddenly increased, how that will affect the
chlorine concentration in the pools. To find that out we
will follow the same stepwise procedure.

7.1 Step 1 - Define modelling objective

• The modeling objective for this problem is to define the
relation between inlet concentration of chlorine in stream
F1i, i.e. C1i and the composition of chlorine in pool 1
and 2, i.e. C1 and C2.
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Input Output

C1i

C1

C1

C2

Figure 8: Links among variables for chlorination in swimming pools.

• Here, compositions are in terms of mass fraction of chlo-
rine.

• Note that C1i directly affects C1 and C2 is directly af-
fected by C1. Thus the links are as shown in Figure.

7.2 Step 2 - Gather process knowledge and information

We will assume that the density of water does not change
due to the variation in chlorine amount.

• the density of the liquid is constant

7.3 Step 3 - Develop model equations

To develop relation between inlet chlorine composition and
that in the tanks we will assume that the flow rates remain
constant. So the overall mass balance equation will result
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in
F1i = F1o (20)

F2o = F1i + F2i (21)

Component balance for pool 1 gives

d(ρV1C1)

dt
= ρF1iC1i − ρFoC1 (22)

Component balance for pool 2 gives

d(ρV2C2)

dt
= ρF1oC1 + ρF2iC2i − ρF2oC2 (23)

As F1i = F1o and assuming that the inlet 2 is pure water
Eq. 22 and Eq. 23 can be simplified to give

dC1

dt
+
F1

V1
C1 =

F1

V1
C1i (24)

dC2

dt
+
F2o

V2
C2 =

F1

V2
C1 (25)

Eqs.24 and 25 form the model equation to determine the
effect of inlet chlorine concentration on that in pool 1 and
pool 2.

7.4 Step 4 - Simplify model equation and standardize

This model equations do not contain any nonlinear term and
as we will see in the next chapter, this is the standard form
of ODE to translate the model into the Laplace domain.
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7.5 Step 5 - Analyze and validate model

• Considering both flow rates and volume to be positive,
the model equations show that the concentration in both
pool 1 and pool 2 will increase due to the increase in inlet
chlorine concentration.

• This is consistent with theoretical understanding of the
phenomenon. The rate of change and pattern of the
response curve can be verified from the solution of the
equations.

• The solution can be compared with experimental data
for further validation.

8 Modeling example: Reactor system

• Consider the reactor and separator system.

• There is a large number of variables associated with the
system.

• To develop a dynamic model, we need to consider the
input and output under consideration and define a sub-
system boundary.

• An output can be affected by a set of variables.

• However, when modeling the relation between a pair of
input and output, the other variables affecting the output
can be assumed constant. This is valid due to the fact
that how one variable affects another is determined by
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Reactant in

Fi, CAi, Ti

Coolant in

Fc, , Tci

Coolant out

Fc, Tco

Product

Fo, CA, T

V, ρ, T

Figure 9: Schematic of CSTR with cooling jacket.

natural laws which remain unchanged.

• Going back to the example, the modeling exercise will
begin with the choice of input and output which is de-
fined by the modeling objective.

8.1 Step 1 - Define modelling objective

• In this example the objective is to find a model between
coolant flow rate, Fc and reactor temperature, T .

• From principles of chemical kinetics we know that tem-
perature affects reaction rate which affects concentration
of the chemical species and total heat generated by the
reaction which, in turn, affects the temperature.

• So one needs to relate temperature, concentration of
chemical species and reactant flow.
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8.2 Step 2 - Gather process knowledge and information

The following reaction is considered in the CSTR.

C3H6O + H2O → C3H8O2 (26)

The reaction takes place in excess of water and it is first
order with respect to propylene oxide. For the sake of sim-
plicity we will represent propylene oxide by A. So the rate
of reaction is expressed as

r = kCA (27)

with
k = koe

−E/RT (28)

The kinetic parameters can be found in the literature. Also
fluid properties and reactor dimensions are to be used. More-
over, we need to make some assumptions as follows:

• densities and heat capacities of the reactants and product
are same

• concentration and temperature are constants throughout
the reactor

• reactor has a constant hold-up

8.3 Step 3 - Develop model equations

With all the information and process knowledge, we will
move to write the balance equations. The overall mass
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balance equation for the reactor will lead to

d(ρV )

dt
= ρFi − ρFo (29)

With the assumption of constant hold-up Eq. 29 gives

Fi = Fo (30)

Temperature is related to component A. So we will write
the component balance for A only.

d(ρV CA)

dt
= ρFiCAi − ρFoCA − ρV kCA (31)

Denoting Fi = Fo = F , the component balance can be
expressed as

dCA
dt

=
F

V
(CAi − CA)− kCA (32)

Note that the temperature term is implicit in k. Next we
can write the energy balance equation.

d(ρV CpT )

dt
= ρFiCp(Ti − Tref)

−ρF0Cp(T − Tref)

+(−∆HR)V kCA
+ρcFcCpc(Tci − Tco) (33)

Here, Cp and Cpc are the specific heat of the reactor ma-
terials and the coolant, respectively. Simplifying the above
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equation we have

ρV Cp
dT

dt
= ρFCp(Ti − T ) + (−∆HR)V kCA

+ρcFcCpc(Tci − Tco) (34)

Eq. 30, Eq. 32 and Eq. 34 forms the model equation for the
reactor temperature. Note that both T and CA appears in
both equations.

Depending on the system some further simplification is pos-
sible. For example, as this particular reaction takes place in
the presence of excess water and we can assume the den-
sity of reactant and product same as that of water. Also
typically the coolant is water. This assumption will lead to
ρ = ρc and Cp = Cpc. So we get

dT

dt
=
F

V
(Ti − T ) +

(−∆HR)

ρCp
kCA

+
Fc
V

(Tci − Tco) (35)

Also note that depending on the heating system the term
net rate of heat addition by surrounding in the energy bal-
ance equation will be different. If there is a cooling system
that absorbs the heat at a constant temperature Tc, the
heat addition term will take the form

Q = UAc(Tc − T ) (36)

where Ac is the heat transfer area of the cooling surface
and U is the overall heat transfer coefficient.
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8.4 Step 4 - Simplify model equation and standardize

Note the relation between k and T . This means that the
third term in the model Eq. 32 and Eq. 34 has both CA and
T , representing a nonlinear term that needs to be linearized
to express the equations in the form of ODE.

8.5 Step 5 - Analyze and validate model

Once linearized and standardized, the equations can be
solved simultaneously and the model output can be com-
pared with process data for validation.

9 Modeling example: Distillation column

• Consider the distillation column shown in Figure 10.

• Operation of a distillation column requires to consider
aspects of both mass and heat transfer.

• Depending on the control problem, material and/or en-
ergy balance equation are needed to consider.

• Here we consider a tray column where compositions are
changing from tray to tray. Consequently balance equa-
tions should be written around each tray.

• Let us see how to develop tray by tray balance equations
for a specific control objective.
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V, y1

Condenser

Reflux

L, x0 = xD

Distillate

D,xD

V1 y1

V2 y2

VN yN

VB yB

L0x0

L1x1

LN−1xN−1

LNxN
Reboiler

LN , xN

Bottom product
B, xB

VB , yB

F, zF

1

2

m

N

Figure 10: Tray by tray flow and nomenclature in a distillation column.
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9.1 Step 1 - Define modelling objective

A common control configuration for distillation column is
to manipulate the reflux flow (R)for top composition (xD)
control. For this purpose one needs to find the model be-
tween R and xD.

9.2 Step 2 - Gather process knowledge and information

The process under consideration involves binary distillation.
Equilibrium relations for the two components can be found
in the literature. A number of assumptions are to be made
to develop the required model equation.

1. Constant and equal liquid hold-up in each tray

2. Negligible vapor phase hold-up

3. Feed is saturated liquid

4. Constant molal overflow i.e equilibrium boiling with con-
stant latent heat.

With the above assumptions, the required balance equa-
tions will be simpler. Also the constant molal overflow as-
sumption will eliminate the need to write the energy balance
equation.
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9.3 Step 3 - Develop model equations

The component balance equation for the more volatile com-
ponent for the condenser can be written as

Hc
dxD
dt

= V y1 − (R + D)xD (37)

For a stage in the rectifying section, the component balance
equation becomes

Hi
dxi
dt

= V (yi+1 − yi) + Lr(xi−1 − xi) (38)

for i = 1, 2 · · ·m. For the feed tray considering the feed is
saturated liquid

Hm
dxm
dt

= V (ym+1 − ym)

+Lrxm−1 − Lsxm + Fzf (39)

For any stage in the stripping section

Hj
dxj
dt

= V (yj+1 − yj) + Ls(xj−1 − xj) (40)

for j = m + 1,m + 2 · · ·N . Finally for the reboiler

HB
dxB
dt

= −V yB + LsxN −BxB (41)

Eq. 37 through Eq. 41 form a simpler representation of the
distillation column composition model.
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9.4 Step 4 - Simplify model equation and standardize

• Although a number of assumptions have been made to
develop the above model, the equations are coupled; xD
appears in both condenser balance and balance around
tray 1, x1 appears both in the equations for tray 1 and
tray 2 and so on.

• This will require a simultaneous solution. Also express-
ing the entire set into one high order equation becomes
difficult.

•Moreover, such a complicated model, although useful for
accurate prediction of composition, virtually useless for
controller design. Model used for controller design needs
to be much simpler.

• Later we will see that one needs to resort to data based
modelling to develop simple model for such processes.

9.5 Step 5 - Analyze and validate model

The assumptions made to develop the model will limit its
validity. If the reflux flow is varied over a wide range, the
equations may become less accurate. Also for the data
based model, the validation is within small range of input
and output over which changes are made.
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10 Use of Process Models

Models may have widely varying use. In the context of
control, the main use of a model is to design controller.
Following is a list of use of dynamic models.

Controller design :
Most controller design algorithms require either an ex-
plicit or an implicit model representing the dynamic be-
havior of the process.

Process simulation :
Models can be used to simulate process behavior over
a range of operating conditions. This is helpful for pre-
dicting process behavior under conditions which may be
costly to observe in real plants.

Operator training :
Model simulations can be used to train operators on how
to control process and maintain safe operations during
abnormal conditions.

Process optimization :
Using model predictions, data can be collected for large
sets of operating conditions for the purpose of optimiza-
tion.
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