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Preliminaries

o K a field.
@ Algebra := associative algebra with 1 over K, unless otherwise
stated.

Definition (2-graded algebra)
The algebra A is 2-graded if A can be written as the direct sum of
2 subspaces

A=A D A

such that A;A; C Ai+j(mod2)-
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Preliminaries

The 2 x 2 matrices have a natural 2-grading.
Ma(K) = M2(K)o & M2(K)1

where

° Mz(K)():{(S 2>;a,deK},

- Mg(K)1:{<(C) g);b,cEK}.

The 2 x 2 upper triangular matrices over K, denoted by U(K), is
a 2-graded algebra too. Its grading is induced by the grading in
matrices.

4
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Preliminaries

Let X = {x1,x2,x3,...} and Y = {y1,y2, y3,...} be countable
infinite sets such that X N Y = (). The variables from X have
degree 0, and those from Y have degree 1. The free algebra

K(XUY)=K(XUY),dK(XUY),

where

K(XUY), = (monomials of degree 0 (mod 2))
K(XUY); = (monomials of degree 1 (mod 2))

K(X U Y) as above is said to be the free 2-graded algebra.
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Preliminaries

Definition

Let A= Ay ® A1 be a 2-graded algebra and
f=7Ff(xi, %2, XnY1,¥2,  ,¥m) € K(XUY) be a polynomial.
Then f is a 2-graded identity for A if

f(al,ag, -+, an, bl,bz, 900 ,bm) = OVa,- € Ao, Vbj € Al‘

T2(A) = {2-graded polynomial identities of A} is an ideal, stable
under all 2-graded endomorphisms.

If To(A) # 0, A is said to be a 2-graded Pl-algebra.
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Preliminaries

If K is an infinite field, a basis is known for the T,-ideal of the
n x n matrices (Vasilovsky in characteristic 0 and Azevedo, in
characteristic p # 2) and the n x n upper triangular matrices
(Koshlukov, Valenti). In particular, for n = 2, results due to Di
Vincenzo (in characteristic 0), to Azevedo and Koshlukov (in
positive characteristic), and to Valenti, give that:

@ The set
{bxa, %], yiyays — yayoyi}
is a basis of 2-graded polynomial identities of Mx(K).

@ The set
{[x1, %], yiy2}

is a basis of 2-graded polynomial identities of U»(K).
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Graded embedding in M, and U,

Graded embedding in M ;

Theorem (Berele, 1995)
Let K be an infinite field.

Q There exists an A = Ag & Ay such that To(A) D To(My 1(E))
but which does not have a 2-graded embedding into My 1(S)
over any supercommutative algebra S.

Q IfA= Ay ® A1 is a 2-graded algebra such that
T2(A) D) TQ(M]_,]_(E)) and AnnpA1 = 0 then, A has a
2-graded embedding into My 1(S) for some supercommutative
algebra S where AnnaA1 ={a€ A : aA; =0 or Aja=0}
and E = Grassmann algebra.

2-graded embedding = 2-graded injective homomorphism.
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Graded embedding in M, and U,

Graded embedding in M,

Theorem

Let K be an infinite field.

@ There exists an A = Ag @ A; such that Ta(A) D To(Ma(K))
but which does not have a 2-graded embedding into M,(C)
over any commutative algebra C.

Q IfA= Ay ® Ay is a 2-graded algebra such that
T2(A) D To(M(K)) and AnnpAr = 0 then A has a 2-graded
embedding into My(C) for some commutative algebra S,
where AnnpA; = {a € A; aA; =0 or Aja = 0}.
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Graded embedding in M, and U,

Graded embedding in M,

Theorem

Let K be an infinite field.

@ There exists an A = Ag @ A; such that Ta(A) D To(Ma(K))
but which does not have a 2-graded embedding into M,(C)
over any commutative algebra C.

Q IfA= Ay ® Ay is a 2-graded algebra such that
T2(A) D To(M(K)) and AnnpAr = 0 then A has a 2-graded
embedding into My(C) for some commutative algebra S,
where AnnpA; = {a € A; aA; =0 or Aja = 0}.

In other words, Statement 1 says that the necessary condition
T2(A) D To(My(K)) is not sufficient for A <— Mo (C) while
Statement 2 gives a sufficient condition for the embedding.
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Graded embedding in M, and U,

Proof (Statement 1).
K(XUY)
—

where J is the ideal generated by To(M2(K)) and y1ys.
@ The grading in A is induced by the grading in K(X U Y).
ea=y1+J,b=y+J€ A = ab=0,ba#0.

o A=
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Graded embedding in M, and U,

Proof (Statement 1).
K(XUY)
—
where J is the ideal generated by To(M2(K)) and y1ys.
@ The grading in A is induced by the grading in K(X U Y).
ea=y1+J,b=y+J€ A = ab=0,ba#0.
e M,N e My(C);, MN =0 < NM = 0,
for any commutative algebra C.
o A My(C), for any commutative algebra C.

o A=
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Graded embedding in M, and U,

Graded embedding in U,

Let A= Ao @ A1 be 2-graded algebra.
T2(A) D T2(Uz2(K)) < A has a 2-graded embedding in Ux(C) for
some commutative algebra C.
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Graded embedding in M, and U,

Proof.

o T1(A) D Ta(Ux(K)) < { Ao is commutative

A2=0
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Graded embedding in M, and U,

Proof.

o T1(A) D Ta(Ux(K)) < { Ao is commutative

A2 =0
o Ajis an (Ap ® Ag)-module under the action

a1(b® c) = (b® c)ay = baic, V b, c € Ag, a1 € A;.
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Graded embedding in M, and U,

Proof.

o T1(A) D Ta(Ux(K)) < { Ao is commutative

A2 =0
o Ajis an (Ap ® Ag)-module under the action

a1(b® c) = (b® c)ay = baic, V b, c € Ag, a1 € A;.

o C= (Ao ® Ao)[Al]

o Consider
©: A — Ux(C)
ag®1 0
Av>a — < 0 1®ao>
0 dl
A1931 — <0 0 >
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Graded embedding in M, and U,

@ (| is injective.
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Graded embedding in M, and U,

@ ( is injective.

@  is a homomorphism.

p(a0)¢p(do) = ¢(a0do), w(ar)p(d1) = p(ard1) =0

claeta = (257 10, ) (5 3 ) =eteon

dae@ = (5 3 ) (75 12, ) @

V ag, dg € Ap, Va1, a1 € A;.
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Graded embedding in s/

o sh(K) = the Lie algebra of the traceless 2 x 2 matrices (the
bracket is given by the usual commutator).

sh(K) = (sh(K))o @ (sh(K))1

where (sh(K))o consists of the diagonal matrices and
(sh(K)); of the off-diagonal ones.
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Graded embedding in s/

o sh(K) = the Lie algebra of the traceless 2 x 2 matrices (the
bracket is given by the usual commutator).

sh(K) = (sh(K))o @ (sh(K))1
where (sh(K))o consists of the diagonal matrices and
(sh(K)); of the off-diagonal ones.
o L =1Lo® L is a2-graded Lie algebra.
e L=L(XUY) is the 2-graded free Lie algebra.
@ T(L) = {2-graded polynomial identities of L} C L
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Graded embedding in s/

Theorem (P. Koshlukov, 2008)

If K is an infinite field of characteristic # 2, then

{[xa, %]}

is a basis of the 2-graded polynomial identities of sh(K).
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Graded embedding in s/

Graded embedding in sh

Let L = Ly @ Ly be 2-graded Lie algebra over an infinite field K of
characteristic # 2. If To(L) D Ta(sh(K)) and Anng, L1 = 0 then

L has a 2-graded embedding in sh(C) for some C commutative
algebra, where Anny, Ly = {¢1 € L1 : [¢1,L1] =0}.
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Graded embedding in s/

Proof.
o Ty(L) D Ta(sh(K)) < Lg is an abelian Lie algebra.
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Graded embedding in s/

Proof.

o Ty(L) D Ta(sh(K)) < Lg is an abelian Lie algebra.

@ U(Lp) is the universal enveloping algebra of Lg. In this case
U(Lp) is the tensor algebra T(Lg) such that
a®b=>b®a, Va,bc L.

o We will define Ly as U(Lg)-module in two different forms.
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Graded embedding in s/

Proof.

o Ty(L) D Ta(sh(K)) < Lg is an abelian Lie algebra.

@ U(Lp) is the universal enveloping algebra of Lg. In this case
U(Lp) is the tensor algebra T(Lg) such that
a®b=>b®a, Va,bc L.

o We will define Ly as U(Lg)-module in two different forms.

@ M = L; as U(Lp)-module under the action induced by

(m(t2)) = (m(tx))a = 5 m(la, &1]),

where a € Ly and m(¢1) is the element of M corresponding to
61 € L.
@ The action is well defined because

(a®b)(m(f1)) = a(b(m(t1))) = b(a(m(f1))) = (ba)(m(l1)).
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Graded embedding in s/

o N = Ly as U(Lp)-module under the action induced by

a(n(tr)) = (n(2))a = S n({tr, )

where a € Ly and n(¢1) is the element of N corresponding to
l € L.
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Graded embedding in s/

o N = Ly as U(Lp)-module under the action induced by

a(n(tr)) = (n(2))a = S n({tr, )

where a € Ly and n(¢1) is the element of N corresponding to
l € L.

Vo UM N

_/ Y
where J is the ideal generated by all elements

[61, 1] — m(£1)n(f1) + m(f1)n(41)

for all £g, g € Lo.
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Graded embedding in s/

o Consider
2] L — 5/2(C)
o3l — <£g _OEO>
0 m(€1) +J
L1254 +— <n(€1)+J 0 )
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Graded embedding in s/

o Consider
@ : L — sh(C)
o3l — <£g _OEO>
0 m(€1)+J
L1254 +— <n(€1)+J 0 )

@ ¢ is a homomorphism.
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Graded embedding in s/

o Consider
@ : L — sh(C)
o3l — <£g _OEO>
0 m(€1)+J
L1254 +— <n(€1)+J 0 )

@ ¢ is a homomorphism.

@  is injective.
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Graded embedding in s/

o Consider
@ : L — sh(C)
Lol — <£g —0£0>
0 m(€1)+J
L1254 +— <n(€1)+J 0 )

@ ¢ is a homomorphism.
@  is injective.
@(60)20@50:0

o(t1) =0 m(tr),n(h) € J& [, hle S, Vh el &
[fl,fl] =0, Vi eli el e AnnLlLl =0&</¢,=0
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