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e F is a field of characteristic zero:

o F(X) = F(x1,x,...) is the free associative algebra, freely
generated by the set X = {x1,x2,... };

e £ = Ey @ E; is the Grassmann algebra of an infinite countable
dimensional vector space over F.

e If Ais a Pl-algebra, we denote by T(A), its ideal of polynomial
identities and we use the following notations for its relatively free
algebras

F(x1,x2,...)
T(A)

F(x1,...,xk)
T(A)ﬂ F<X1,...,Xk>

F(A) = Fi(A) =
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A T-ideal P of F(X) is T-prime if for any T-ideals / and J of F(X)
such that /IJ C P, we have | C P or J C P (or both inclusions).

A Pl-algebra A is called a T-prime algebra if T(A) is T-prime.

Kemer has proved that if P is a nontrivial T-prime T-ideal then P
is the ideal of identities of one of the following algebras:

(1) Mn(F) (i) Mn(E) (iii) Ma,p

where M, , = M, p(E) and for any 2-graded algebra A = Ay @ Ay,
M, 1(A) is defined by

_ My(Ao)  Maxp(A1)
Moah) = (0D M)
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Berele [Generic verbally prime algebras and their GK dimensions,
Commun. Algebra 21, 1487-1504 (1993)] has constructed models
for the relatively free algebras of the T-prime algebras, using
matrices over the free supercommutative algebra.

To construct the free supercommutative algebra, we consider the
free associative algebra F(X U Y) and we induce on it a
Zo-grading by setting degx =0 and degy =1 if x € X and

y € Y. Finally, we ensure supercommutativity by modding out by
all ab — (—1)degadegbpy for all a,b € X U Y. The resulting
algebra is the free supercommutative algebra, denoted by F[X; Y].
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Now we consider

X ={x{";i,je{1,...,n},r € N} and
Y ={v;iije{1,...,n},r eN}.

If a+ b= nand r € N, we construct the generic matrices over
FIX; Y]

B, = (X,-J(-r) + ,-J(-r))

c . ( (X )axca (Y,-j-'))m)

TN bxa (X5 Vet
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And we have

Theorem (Berele)

For any k > 2, the following isomorphisms hold:

Fi(Ma(F)) = Fl[A1,..., Al
Fx(Mn(E)) = F[By,...,B]
Fr(M..p) =~ F[G,...,Cl

In the same paper, Berele proved that the centre of Fy(M, ) is the
sum of the field and a nilpotent ideal of the centre. He also asks
whether or not such centre contains non-scalar elements.
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In this talk, we work on the generic algebra of rank 2 of My 1,
F[G, G] = Fp(M11). For this algebra we will:

e Answer Berele's question;
e Give a description of the centre of such algebra;

e Find a basis for its ideal of polynomial identities.
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Popov [ldentities of the tensor square of a Grassmann algebra.
Algebra and Logic 21 (4) 296-316 (1982)] has proved that the
T-ideal of polynomial identities of My 1 is generated by the
polynomials:

[[x1,x2]%,x1] = 0O and [[[x1, x2], [x3, xa]], xs] = 0

Since F»(Mi 1) is the free algebra of rank 2 in the variety of the
identities of My 1 it also satisfies the identities above.
In particular, the element [Cy, G]? is central in F[Cy, G].

In order to simplify the notations, we consider

. Xl Yl . X2 Y2
C1_<Y1’ x1) Cz‘(n’ x5>
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Since

2 [ —2h—hy 2hy
G, & = ( —2h3  —2hy + hy

where

h = Vi YaY]Y)

hy = YiYa(Y{(X5 — X2) = Y3(X] — X1))

hs = Y1 Y5(Y1(X3 — X2) — Ya(X{ — X1))

ha = (Y{(X3 — X2) — Y3(X{ = X1))(Y1 (X3 — X2) — Ya(X] — X1)),

we have that [Cy, G5]? is a non-scalar central element of F[Cy, G,
answering positively Berele's question for F(Mj 1).
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Proposition

Let A= "s € F[G1, G

If A is central in F[Cy, G| there exist fi and f, € F[X] such that

7\
o}
N~

b=fhy c=—hhy d—a=fil+hh

As a consequence, there exist f; and f, € F[X] such that

3 0 0 0 h

Thiago Castilho de Mello On the centre of the generic algebra of M; ;



It is well known that any element of F(xj, x2) can be written as a
linear combination of monomials of the type

x{’xﬁ"ufl ouk

where uj € L(x1, x2) are left-normed commutators, that is
commutators of the form

[Xis - xi ] = [[xips - - X1 )5 X0 ]

Let f(x1,x2) € L(x1,x2) be a left-normed commutator. If f # 0
then f(Cy, Go) is not central in F[Cy, Gy).
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We say that an element A of F[Cy, (3] is central ideal if A is
central in F[Cy, G;] and the same holds for AB, for any
B e F[Cl, Cg]

Lemma

Let f1,f, f3 € L(x1,x2) be left-normed commutators, g = fif, and

h = fifsf3. Then g(Cy, Gy) is a nonzero central ideal element and
h(G, &) = 0.

Let f(Ci, Co) = CPCMuf ... uk € F[Cy, G, with u; € L[Cy, Co]
left-normed commutators. Then, f is central if and only if
K4tk > 2
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Lemma

Let uy,...,ur € L(x1,x2) be left-normed commutators with the
same degrees in x1 and in xo, and let
f(Cl, C2) = Za;u,-(Cl, C2) € F[Cl, CQ].Then f(Cl, Cz) is central

if and only if ilt is central ideal, and if and only if

Za;:O
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NN

Let (G, &) € F[Gi, Gy]. We know that

(G, G)=ah+Y (c"lc’"f (o) ) +g(C1, G)

J

with g(Ci, ) = > (7' CGuy ... uk, k > 2 and u; left normed
commutators. Then, f(Cy, G3) is central in F[Cy, Co] if and only if,
for all §, Z 04,(.]) = 0, where N is the set of i such that the

ieN
corresponding u; have the same degrees in x; and in x;.

Z(FIC, Gl)=Fa !
Where | is a nilpotent ideal of F[Cy, Gy].
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With the previous results, we are able to determine the polynomial
identities of F[Cy, G

Proposition

Let f(C1, G) = CPCuft ... uk € F[Cy, G, with u; € L[C1, G
left-normed commutators. Then, f(Cy, C2) = 0 if and only if
ki +---+ k- > 3.

The algebra F[Cy, Cy] satisfies the identities

[x1, x2][x3, xa], x5] ~and  [x1, x2][x3, xa][xs5, X6]
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As charF = 0, we know that all polynomial identities of F[Cy, 5]
follows from its proper multilinear polynomial identities.

The vector space of all proper polynomials of degree n is an
Sp-module, denoted by I, It induces an S,-module structure on

[n

r(Myy)=——"n"n
n(Mi1) T(Mi1)NT,

In the same paper mentioned before, Popov describes the
Sp-module structure of (M 1).
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He showed that

r,,wl,l):(@ M,@)@ @ o)

p+s=n p+q-+s=n
P,q=>2

where M,SS) and M;()?c)v are the irreducible S,-submodules of

r (I\/l1 1) generated, respectively by cp,(gs)(xl, ..., Xp) and

<pp q(xl, ..., Xp), given by:
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[Xo(1)s Xo(2)] - [ (p)axl 7XT(q)]aquE]- (2)
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Now, we observe that for any s:

° gpf,s) is a consequence of [x1, x2][x3, xa][x5, x6], if p > 5;

o apf,s,z, is a consequence of [x1, x2|[x3, x4][x5, x6], if p+ g > 5;

. gogs) is a consequence of gogo);

° (pgo) = 254.

But we have:

The polynomial s, is an identity for F[Cy, G]
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Since F[Cy, C] satisfies all identities of My 1, we obtain that
Mn(F[C, G)) is a factor module of [',(My,1). Then, we remove
from the decomposition of I',(M; 1) the submodules generated by
identities of F[Cy, G|, and we obtain:

Mo(FIC, G]) = M2 @ M) @ M%)

and we have

For every n, the polynomials gog"_z), gog"_3) and ¢,

polynomial identities for F[Cy, Co].

—4
("2 ) are not
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Finally,

The T-ideal of polynomial identities of Fo(Mh 1) is generated by
the identities s4, [[x1,x2][x3, Xa], Xs5],and [x1, x2][x3, xa][x5, Xe].
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Thank you!
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