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e The fundamental example: The algebra M, (K)
@ Characteristic zero case
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Step one (char K = 0)

Consider the Lie algebra sk = sh(K).
One has M, = K @ sh.



My (K)
[e] e}

Step one (char K = 0)

Consider the Lie algebra sk = sh(K).
One has M, = K @ sh.
Moreover sk has a symmetric, nondegenerate bilinear form:

uov=(1/2)(uv+ vu),u,v € sh.



My (K)
[e] e}

Step one (char K = 0)

Consider the Lie algebra sk = sh(K).
One has M, = K @ sh.
Moreover sk has a symmetric, nondegenerate bilinear form:

uov=(1/2)(uv+ vu),u,v € sh.
Hence a fundamental identity in M.:

hs = [[x1, X2] o [X3, Xa], Xs] = O.



My (K)
[e] e}

Step one (char K = 0)

Consider the Lie algebra sk = sh(K).
One has M, = K @ sh.
Moreover sk has a symmetric, nondegenerate bilinear form:

uov=(1/2)(uv+ vu),u,v € sh.
Hence a fundamental identity in M.:
h5 = [[X1 ) X2] © [X37 X4]7 X5] =0.

As dim M, = 4 one has the standard identity

S4 = Z(—1 )7 X (1) Xo(2) Xor(3) Xor(4) = O-
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Technical matters

It can be shown that modulo s4, the polynomial hs is equivalent,
asaPl to
[[x4, X2]2, xq].
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Important relation in M.:
if u, v, w € sk then (uo v)w € sh.

More precisely (w = [x1, X2])
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Technical matters

It can be shown that modulo s4, the polynomial hs is equivalent,
asaPl to
[[x4, X2]2, xq].

Important relation in M.:
if u, v, w € sk then (uo v)w € sh.

More precisely (w = [x1, X2])

(uoviw = (1/8)([x1,u, Vv, x2] + [x1,Vv, U, Xg]
—[X2, u, X1, v] — [X2, v, X9, U]).

The latter is not so technical. ..
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e The fundamental example: The algebra M, (K)

@ Weak identities
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Weak (Lie) identities

Let L be a Lie algebra and A an associative envelope of A.
We denote K(X) the free associative algebra and by L(X) the
free Lie algebra, L(X) C K(X)~.
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Weak (Lie) identities

Let L be a Lie algebra and A an associative envelope of A.
We denote K(X) the free associative algebra and by L(X) the
free Lie algebra, L(X) C K(X)~.

Definition

1. A polynomial f € K(X) is a weak identity for the pair (A, L) if
f = 0 when evaluated on L.
2. T(A L) ={f € K(X) | fis a weak identity for (A, L)}.

Clearly T(A, L) is an ideal; it is closed under Lie substitutions.
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Weak identities (cont’d)

One may consider weak identities in a more general setting.
Suppose A is an algebra and V a vector subspace of A such
that V generates A as an algebra.

Definition

The polynomial f(xq,..., X,) is a weak identity for the pair
(A, V)if f(vy,...,vy) =0forall v; € V.
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One may consider weak identities in a more general setting.
Suppose A is an algebra and V a vector subspace of A such
that V generates A as an algebra.

Definition

The polynomial f(xq,..., X,) is a weak identity for the pair
(A, V)if f(vy,...,vy) =0forall v; € V.

Clearly the set T(A, V) of all weak identities for (A, V) is an
ideal. It is closed under linear substitutions of the variables.
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Weak identities (cont’d)

One may consider weak identities in a more general setting.
Suppose A is an algebra and V a vector subspace of A such
that V generates A as an algebra.

Definition

The polynomial f(xq,..., X,) is a weak identity for the pair
(A, V)if f(vy,...,vy) =0forall v; € V.

Clearly the set T(A, V) of all weak identities for (A, V) is an
ideal. It is closed under linear substitutions of the variables.
Depending on the properties of A and of V one defines rules for
taking consequences and thus different types of weak identities.
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Weak identities (cont’d)

Assume P C K(X) is a (nonempty) set of polynomials such that
p(vy,...,vp) € Vioreverype Pandv; € V.

Definition

The polynomial g is a P-consequence of f € T(A, V) if g liesin
the ideal generated by all f(ps,...,pn), pi € P.
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Weak identities (cont’d)

Assume P C K(X) is a (nonempty) set of polynomials such that
p(vy,...,vp) € Vioreverype Pandv; € V.

Definition

The polynomial g is a P-consequence of f € T(A, V) if g liesin
the ideal generated by all f(ps,...,pn), pi € P.

Depending on the set P (and on the properties of A and V) we
obtain different types of weak identities.
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Weak identities: examples

@ P = K(X)and A= V:the ordinary PI's for A together with
the usual consequences.
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@ P = SJ(X), the free special Jordan algebra
(SJ(X) € K(X)). If VoV C V we have the weak Jordan
identities.
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Weak identities: examples

@ P = K(X)and A= V:the ordinary PI's for A together with
the usual consequences.

@ P = L(X), the free Lie algebra (L(X) C K(X)). If
[V, V] C V one obtains the weak Lie identities for the pair
(A, V).

@ P = SJ(X), the free special Jordan algebra
(SJ(X) € K(X)). If VoV C V we have the weak Jordan
identities.

@ P =sp(X) If (A, V) is a pair “an associative algebra — a
vector space” then the ideal T(A, V) is P—closed. In this
way we obtain the weakest PI’s.
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Weak identities: examples

Let P = sp(X) and let GL = GL(P). Then GL acts on P and
hence on the tensor algebra K(X) of P.
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Weak identities: examples

Let P = sp(X) and let GL = GL(P). Then GL acts on P and
hence on the tensor algebra K(X) of P.

Thus T(A, V) is GL-invariant (that is we may substitute the
variables of f € T(A, V) by linear combinations of these).

That is why the latter (weakest) PI's are called sometimes
GL-identities.

One defines variety of pairs in the usual way.

Assuming K infinite then T(A, V) is generated by its
multihomogeneous elements; if char K = 0 then it is generated
by its multilinear elements.
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Back to M, and shb

Fix V =sh, A= M>, char K = 0.

Theorem (Razmyslov)
The weak Lie identities for (A, V) follow from

[X oy, Z].
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Back to M, and shb

Fix V =sh, A= M>, char K = 0.

Theorem (Razmyslov)
The weak Lie identities for (A, V) follow from

[X oy, Z].

The proof concerns multilinear polynomials only. Let

I={xoy,2z]).
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Back to M, and shb

Fix V =sh, A= M>, char K = 0.

Theorem (Razmyslov)
The weak Lie identities for (A, V) follow from

[X oy, Z].

The proof concerns multilinear polynomials only. Let
I'=([xoy,2]).
One shows that for each f(x1, ..., xp) € K(X)

f(X1,- -, Xn) = F(Xo(1)s - - - Xo(n)) € 1,0 € Sp.
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Outline

e The fundamental example: The algebra M, (K)

@ The identities of sh
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The identities of sh

These are much trickier than the weak ones.

Theorem (Razmyslov)

Let char K = 0. The identities of sl, admit a finite basis.

Recall that Razmyslov proved the identities of sk follow from
those of small degree.
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The identities of sh

These are much ftrickier than the weak ones.
Theorem (Razmyslov)

Let char K = 0. The identities of sl, admit a finite basis.

Recall that Razmyslov proved the identities of sk follow from
those of small degree.

Later on an analysis on the identities of degree up to 6 proved
that:
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The identities of sh

Corollary (Drensky)
The polynomials

fo= > (=1)MXe(1): X1, X1], [Xo(2)s Xo(3)]] (8,1,1)
g = Z(_1 )U[X1 ) Xa(1)7 Xa(2)]7 [Xa(3)> XO‘(4)]]7 (27 1,1, 1)

form a basis of the identities of sb.

The linearizations of these polynomials generate irreducible
Ss-modules hence the above system is minimal.
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The identities of sh

Corollary (Drensky)
The polynomials

fo= > (=1)MXe(1): X1, X1], [Xo(2)s Xo(3)]] (8,1,1)
g = Z(_1 )U[X1 ) Xa(1)7 Xa(2)]7 [Xa(3)> XO‘(4)]]? (27 1,1, 1)

form a basis of the identities of sb.

The linearizations of these polynomials generate irreducible
Ss-modules hence the above system is minimal.

Corollary (Filippov)

A basis of the identities of sk is given by

Vs = [Xo, X3, [X4, X1], X1] + [X2, X1, [X3, X1], Xa].
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From sb to M»

One studies proper polynomials only; that is linear
combinations of products of commutators = Lie elements.



22109)
O000e0W

From sb to M»

One studies proper polynomials only; that is linear
combinations of products of commutators = Lie elements.
Denote by / the ideal of identities in K(X) generated by

hs = [[x1,X2] o [X3, Xa], Xs]
S4 = Z(—1 )7 Xo(1)Xor(2) Xor(3) Xor(4)
re = (uov)w—(1/8)([x1,u, Vv, xe] + [X1,V, U, X2]

—[X2, U, x1, V] — [X2, v, X1, U])

where u, v, w are commutators, w = [xq, Xo].
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Proper elements

Let f(x1, ..., Xn) be a proper multilinear polynomial.
@ Step one: f can be written, modulo /, as

f=0+p.

Here ¢ is a Lie element;
p is a linear combination of

piO[XiaX1]>1 Slgn

where p; are commutators.
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Proper elements

Let f(x1, ..., Xn) be a proper multilinear polynomial.
@ Step one: f can be written, modulo /, as

f=0+p.

Here ¢ is a Lie element;
p is a linear combination of

pio[xi,x1],1<i<n

where p; are commutators.

@ Step two: fis an identity for M if and only if
both p and ¢ are identities for M.
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Proper elements (cont'd)

Let p = > ai(cj o [d}, x1]) be multilinear.
Here c;, d; are commutators, deg ¢; > 2.
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Proper elements (cont'd)

Let p = > ai(cj o [d}, x1]) be multilinear.
Here c;, d; are commutators, deg ¢; > 2.

The polynomial p is an identity for M if and only if
> aj[ci, dj] is an identity for sk (and for M, as well).
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Proper elements (cont'd)

Let p = > ai(cj o [d}, x1]) be multilinear.
Here c;, d; are commutators, deg ¢; > 2.

The polynomial p is an identity for M if and only if
> aj[ci, dj] is an identity for sk (and for M, as well).

Now add to the ideal / the basis of the identities of sb.
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e The fundamental example: The algebra M, (K)

@ The identities of M»
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The identities of My

Thus [ is the T-ideal generated by

hs = [[x1,X2] o [X3, Xa], Xs]
S4 = Z(—1 )7 X (1) Xor(2) Xor(3) Xor (4)
re = (uov)w—(1/8)([x1,u,V,X2] + [X1, V, U, Xo]

—[XQ,U,X1,V]—[XZ,V,X1,U])
Vs = [Xo, X3, [Xa, X1), X1] + [X2, X1, [X3, X1], Xa]
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The identities of My

Linearize vs and write it as

/’n Vs) Z a[ [b/, C/

where deg b; > 2 (b;, ¢; are commutators).
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The identities of My

Linearize vs and write it as

/’n Vs) Z a[ [b/, C/

where deg b; > 2 (b;, ¢; are commutators).
One has then

we = ) ajbjo|ci, x]

is an identity for Mo.
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The identities of My

Linearize vs and write it as

/’n Vs) Z a[ [b/, C/

where deg b; > 2 (b;, ¢; are commutators).
One has then

we = ) ajbjo|ci, x]
is an identity for Mo.
Add wg to the T-ideal /. Thus

I = <S47 h57 Is, Vs, W6>T
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The basis for T(M.)

Theorem (Razmyslov)
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The basis for T(M.)

Theorem (Razmyslov)

I = T(My).

It is easy to show that v5 follows from s4 only.
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The basis for T(M.)

Theorem (Razmyslov)

I = T(Mo).

It is easy to show that v5 follows from s4 only.

Corollary (Drensky)

The basis of the identities of M» in characteristic 0 consists of

Sy, hs.
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The scheme of proof

From now on assume K is infinite field, char K # 2.
The main steps in the proof are the following.
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The scheme of proof

From now on assume K is infinite field, char K # 2.
The main steps in the proof are the following.

@ Describe a basis of the identities of sk.
@ Describe a basis of the weak identities of (Mo, sh).
© Transfer all this to a basis of the identities of M.
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Main Obstacles

The principal difficulties in such an approach are:
@ You cannot consider multilinear polynomials only.
@ You have to deal with multihomogeneous polynomials
instead.

© You cannot use the representations of S,
(neither those of GLy).
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The algebra sk has a well behaving nondegenerate symmetric
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uov=2A, uveshleK.
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The specifics of M,

The algebra sk has a well behaving nondegenerate symmetric
bilinear form:

uov=2A, uveshleK.

One may consider the orthogonal group of such a form. Its
invariants are well known over infinite fields.
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The invariants of O,

Let x; = (X1, ..., Xjn) be "vectors” whose coordinates x;; are
commuting variables, and define the symmetric, nondegenerate
bilinear form

Xj 0 Xj = Xj1Xj1 + -+ + XinXjn

on the span of these vectors.
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Let x; = (X1, ..., Xjn) be "vectors” whose coordinates x;; are
commuting variables, and define the symmetric, nondegenerate
bilinear form
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on the span of these vectors.
The invariants of the orthogonal group O, were described by
De Concini and Procesi for K infinite.
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The invariants of O,

Let x; = (X1, ..., Xjn) be "vectors” whose coordinates x;; are
commuting variables, and define the symmetric, nondegenerate
bilinear form

Xj 0 Xj = Xj1Xj1 + -+ + XinXjn

on the span of these vectors.

The invariants of the orthogonal group O, were described by
De Concini and Procesi for K infinite.

The algebra of Op-invariants in K[x;| is generated by all x; o x;:

Kxi]% = K[xi o xj].
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Invariants

Define the double tableau

P11 P12 - Pimy | G11 Q12 ... Qim,
T=\ Pet P2 ... Pem, | Q1 Qo2 ... Gem |-

Pki Pk2 .- Pkmy \ ki Qk2 .- Qkmy

Heren>my>ms>--->m >0
and pj, g; are positive integers.
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Invariants

Define the double tableau

P11 P12 - Pimy | G11 Q12 ... Qim,
T=\ Pet P2 ... Pem, | Q1 Qo2 ... Gem |-

Pki Pk2 .- Pkmy \ ki Qk2 .- Qkmy

Heren>my>ms>--->m >0

and pj, g; are positive integers.

T is standard (or doubly standard) if the ordinary tableau
obtained from T is standard (or semistandard): Its entries:
increase strictly along the rows;

increase (with possible repetitions) along the columns.
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Theorem (De Concini, Procesi)

The algebra K|x;]° admits a basis indexed by all doubly
standard tableaux with my < n.
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standard tableaux with my < n.
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Theorem (De Concini, Procesi)

The algebra K|x;]° admits a basis indexed by all doubly
standard tableaux with my < n.

For T = (p1p2...Pm | Q192 - .. gm) define the polynomial

(T) = Z(_1 )7 (Xp, © quu))(XPz ° qu(z)) - (X © X%(m))

One has @(T) = det((Xp,  Xq;))-
If T', ..., TX are the rows of T then

B(T)=@(T") - @(TF)

The polynomials 3(T) form a basis for K [x,-j]O".
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Let
<i1 R o, ..., In> = det(x,-1 e ,X,'n)

be the determinant formed by the coordinates of the vectors
above.

Theorem (De Concini, Procesi)

The invariants of SO, are generated by those of O, plus the
above determinant.
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above.
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void.
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Invariants for SO,

Let
<i1 R o, ..., In> = det(x,-1 e ,X,'n)

be the determinant formed by the coordinates of the vectors
above.

Theorem (De Concini, Procesi)

The invariants of SO, are generated by those of O, plus the
above determinant.

Formally one puts an initial row on top of T whose first half is
void.

One usually assigns values (—n, —(n—1),..., —1) to this first
half. Then a basis of K[xj] SOn is given by all standard tableaux
T.
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Straightening rules

Every double tableaux is a linear combination of standard ones.
The rules for obtaining such a presentation are called

The straightening algorithm.

Such rules were described in the general case by De Concini
and Procesi.
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Outline

e The identities of M, when charK = p # 2
@ Backto M,
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Recall that K is an infinite field, char K # 2.
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The scheme of proof

Recall that K is an infinite field, char K # 2.
The main steps in the proof are the following.

@ Describe a basis of the identities of sk.
@ Describe a basis of the weak identities of (Mo, sh).
© Transfer all this to a basis of the identities of M.
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The identities of sh

A basis of the identities of sk was described by Vasilovsky.

Theorem (Vasilovsky)

Let K be infinite, charK # 2. The ideal of identities of sk is
generated by the single identity

Vs = [Xo, X3, [X4, X1], X1] + [X2, X1, [X3, X1], Xa].
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The weak identities of (Ma, sk)

Theorem (PK)

Let K be infinite, charK # 2. The ideal of the weak Lie identities
for (My, sh) is generated by [x2, y].
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The weak identities of (Ma, sk)

Theorem (PK)

Let K be infinite, charK # 2. The ideal of the weak Lie identities
for (My, sh) is generated by [x2, y].

We recall that the same ideal was described, in characteristic 0,
also by Drensky and PK, as a GL-ideal.

Theorem (Drensky, PK)
The GL-ideal of (Ms, sh) is generated by [x?, y] and by s,.
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The weak identities of (Ma, sk)

Theorem (PK)

Let K be infinite, charK # 2. The ideal of the weak Lie identities
for (My, sh) is generated by [x2, y].

We recall that the same ideal was described, in characteristic 0,
also by Drensky and PK, as a GL-ideal.

Theorem (Drensky, PK)
The GL-ideal of (Ms, sh) is generated by [x?, y] and by s,.

The result in the latter paper was much more general.
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The weak identities of (Ma, sk)

Theorem (PK)

Let K be infinite, charK # 2. The ideal of the weak Lie identities
for (My, sh) is generated by [x2, y].

We recall that the same ideal was described, in characteristic 0,
also by Drensky and PK, as a GL-ideal.

Theorem (Drensky, PK)
The GL-ideal of (Ms, sh) is generated by [x?, y] and by s,.

The result in the latter paper was much more general.
It was transferred to positive characteristic by PK as well.
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The identities of My

Theorem (PK)
Let K be infinite, charK # 2. Then T(M.) is generated by

hs = [[x1,X2] o [X3, Xa], Xs5]
S4 = Z(—1 )7 X (1) X (2) Xor(3) Xor(4)
re = (uov)w—(1/8)([x1,u,V,X] + [X1, V, U, Xo]

_[X27 u, Xxq, V] - [X27 V,Xq, U])

and by wg.

In rs in the above theorem w = [xq, X2].
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The identities of My

Corollary (PK)

If charK > 5 then the basis consists of s, and hs.
If charK = 3 then s4, hs and rg are independent.
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The identities of My

Corollary (PK)

If charK > 5 then the basis consists of s, and hs.
If charK = 3 then s4, hs and rg are independent.

Corollary (Colombo, PK)

If charK = 3 then s4, hs and rg form a basis of T(M.).
If charK = 5 then s4 and hs form a basis of T(Ms).
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The recipe

The identity

[x1, x2J(uov) — (1/8)([x1,u, Vv, x| + [x1,V, U, X]
= [Xe,u,xq, V] = [X2, v, X1, U])

holds for M.
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The recipe

The identity
X1, x](uov) — (1/8)([x1,u, Vv, x2] + [X1,V, U, x]
- [xo, U, x1,v] = [X2, v, Xq, U])
holds for M.

Define a transformation L(u, v) on M, (or sk) as follows

[x1,x]L(u,v) = (1/8)([x1,u,V,Xo] + [X1, V, U, Xo]
+[Xo, U, X1, V] + [X2, v, X1, U])

foru, v € sb.
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The recipe

Thus the following is a weak identity for Mo
[x1, Xe]L(u, v) = [x1, Xe] o (U0 V)

u, v e sh.
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The recipe

Thus the following is a weak identity for Mo
[x1, Xe]L(u, v) = [x1, Xe] o (U0 V)

u, v e sh.
This was first observed by lltyakov for nonassociative algebras
(the expressions involved are more complicated).
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The recipe, sh

One considers separately polynomials of even and of odd
degree.
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The recipe, sh

One considers separately polynomials of even and of odd
degree.

@ When deg f is even you write it as

S aflxi, x1P(L)

@ When deg f is odd you write it as

> ailxi, %, x| P(L)

Here P(L) is a polynomial in the operators L(u, v).
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The recipe, sh

One considers separately polynomials of even and of odd
degree.

@ When deg f is even you write it as
S ailx. x1P(L)
@ When deg f is odd you write it as
> ailxi, %, x| P(L)

Here P(L) is a polynomial in the operators L(u, v).

In this way you split the relatively free algebra. In a sense you
may consider it as a module over the (commutative) algebra of
operators generated by the L(u, v).
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The recipe, sh

Afterwards one associates to each element as before, a double
tableau.

Using the straightening rules one gets linear combinations of
standard tableaux.
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The recipe, sh

Afterwards one associates to each element as before, a double
tableau.

Using the straightening rules one gets linear combinations of
standard tableaux.

As the straightening rules are implied by identities for sk one
gets a (finite) basis of its identities.
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The difficulties, sh

Here we list some of the critical points (the case of sk).
@ The transformations L are well defined.
@ The straightening rules are indeed identities for sk.
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The difficulties, sh

Here we list some of the critical points (the case of sk).
@ The transformations L are well defined.
@ The straightening rules are indeed identities for sk.
© The straightening rules follow from known identities of sk.
© Reduce the identities to one of them.
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The recipe, M>

Sort of similar to that of sk. One deals with proper polynomials
only.
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The recipe, M>

Sort of similar to that of sk. One deals with proper polynomials
only.

@ Work modulo sy, hs, vs.

© Consider only proper non-Lie polynomials.

© If fis proper then it is a combination of g4 o g», both
commutators.
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The recipe, M>

Sort of similar to that of sk. One deals with proper polynomials
only.

@ Work modulo sy, hs, vs.

© Consider only proper non-Lie polynomials.

© If fis proper then it is a combination of g4 o g», both
commutators.

© Define (g1 0 g2)L(u, v) = g1 o (goL(u, v)).
© Follow the steps from above.
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The difficulties, Mo

Here the main problems are as follows.

@ L(u,v) are well defined (quite technical but as often
happens lengthy).

© Separating even and odd degree proper elements gives
considerably more work. One considers

[Xa, Xp) © [Xc, X4l [Xa, Xb, Xc] © [Xq, Xe]

with suitable orders for the indices.
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The difficulties, Mo

Here the main problems are as follows.
@ L(u,v) are well defined (quite technical but as often
happens lengthy).

© Separating even and odd degree proper elements gives
considerably more work. One considers

[Xa, Xp) © [Xc, X4l [Xa, Xb, Xc] © [Xq, Xe]

with suitable orders for the indices.

© In odd degree one alternates on a, b, d. And all is acted on
by some P(L).
© The straightening procedure yields a long list of identities.
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Q Other applications of the method
@ |dentities with involution
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Involutions on M»

By extending the field K one may assume it algebraically
closed.
Moreover one considers only involutions of first kind.
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Involutions on M»

By extending the field K one may assume it algebraically
closed.

Moreover one considers only involutions of first kind.
Hence only two involutions to consider.

f(fa b ac
@ The transpose t: (c d) — (b d>

© The symplectic s: <i Z) — (d _b>

—C a
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Identities in characteristic O

We denote by x symmetric and by y skew-symmetric variables.
(x—(a+a)/2, y—(a—a’)/2)
Theorem (Levchenko)

Let charK = 0.
(a) A basis of the identities for (M, t) consists of

V1Yo, x], 1, yol,
[x1, X2][X3, Xa] — [X1, X3][X2, Xa] + [X1, Xa][X2, X3],
[y1x1y2, Xo] — y1ye[X1, Xo].
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Identities in characteristic O

We denote by x symmetric and by y skew-symmetric variables.
(x—(a+a)/2, y—(a—a’)/2)
Theorem (Levchenko)

Let charK = 0.
(a) A basis of the identities for (M, t) consists of

V1Yo, x], 1, yol,
[x1, X2][X3, Xa] — [X1, X3][X2, Xa] + [X1, Xa][X2, X3],
[y1x1y2, Xo] — y1ye[X1, Xo].

(b) A basis for the identities for (M», s) consists of

[x1, X2], [x, y1.
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Characteristic p # 2

Theorem (Colombo, PK)

The same polynomials as in characteristic 0, form bases of the
identities with involution (t and s) for Ms.
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Characteristic p # 2

Theorem (Colombo, PK)

The same polynomials as in characteristic 0, form bases of the
identities with involution (t and s) for Ms.

Consider first s, the symplectic involution.
@ The symmetric elements are just scalar matrices.
© The PI's depend only on skew variables (that is sk).
© Hence s-identities are weak identities for (Ma, sh).
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The transpose involution

Let t be the transpose involution on Ms.

Every identity is equivalent to one in symmetric variables only.
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The transpose involution

Let t be the transpose involution on Ms.

Every identity is equivalent to one in symmetric variables only.

@ Define an analog to the transformation L(u, v) (for
symmetric variables only).

© Consider proper elements and split them into three as
follows:
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The transpose involution

Let t be the transpose involution on Ms.

Every identity is equivalent to one in symmetric variables only.

@ Define an analog to the transformation L(u, v) (for
symmetric variables only).

© Consider proper elements and split them into three as
follows:

@ Products of two skew commutators; skew commutators,
symmetric commutators.

© Follow the recipe for the ordinary PI's (not much easier).
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Q Other applications of the method

@ More (on) weak identities
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GL-identities

Let V be a vector space with a nondegenerate symmetric
bilinear form, and denote by C its Clifford algebra.

The GL-identities for (C, V) are generated by [x?, y] if
dimV =
Ifdim V = n one adds an analog of the standard polynomial,
Wn. 1. It is skew symmetric and multilinear, deg wp 1 = n+1.




Applications
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GL-identities

Let V be a vector space with a nondegenerate symmetric
bilinear form, and denote by C its Clifford algebra.

The GL-identities for (C, V) are generated by [x?, y] if
dimV =
Ifdim V = n one adds an analog of the standard polynomial,
Wn. 1. It is skew symmetric and multilinear, deg wp 1 = n+1.

The polynomials wj, are as follows: wy = xy, ws = [xq, X2],
Wnit = [Wn, Xnp1] OF Wpiqg = Wp 0 Xpiq

depending on whether n is odd or even.
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GL-identities

The theorem was first proved by Drensky and PK in
characteristic 0.

The proof relies on the representations of the symmetric and
general linear groups.
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GL-identities

The theorem was first proved by Drensky and PK in
characteristic 0.

The proof relies on the representations of the symmetric and
general linear groups.

Later on it was extended to any characteristic p = 2. It is a sort
of simplified model for applying the invariants of the orthogonal

group.



Applications
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GL-identities

The theorem was first proved by Drensky and PK in
characteristic 0.

The proof relies on the representations of the symmetric and
general linear groups.

Later on it was extended to any characteristic p = 2. It is a sort
of simplified model for applying the invariants of the orthogonal
group.

It is necessary to split the relatively free algebra in various parts
in order to consider it as a "good” module over the algebra of
operators L(u, v).
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@ Graded identities for sk
@ Graded Lie identities
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Gradings on sk

Assume charK = 0 and K algebraically closed. The following
fact is well known.

Theorem

Let sl, be G-graded where G is a group. Then the grading is
equivalent to one of the following.
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Assume charK = 0 and K algebraically closed. The following
fact is well known.

Theorem

Let sl, be G-graded where G is a group. Then the grading is
equivalent to one of the following.

a o0 0 b\,
OG—Cz,slz—<O _a>+<c 0>,
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Assume charK = 0 and K algebraically closed. The following
fact is well known.

Theorem

Let sl, be G-graded where G is a group. Then the grading is
equivalent to one of the following.

a o0 0 b\,
OG—Cz,slz—<O _a>+<c 0>,

00 a o0 0 b).
eG—Z,SIQ—<C o>—|—<o a)+(o 0>,
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Gradings on sk

Assume charK = 0 and K algebraically closed. The following
fact is well known.

Theorem

Let sl, be G-graded where G is a group. Then the grading is
equivalent to one of the following.

a o0 0 b\,
OG—Cz,slz—<O _a>+<c 0>,

00 a o0 0 b).
eG—Z,SIQ—<C o>—|—<o a)+(o 0>,

Q G=0C x Gy,
(0,0) — 0, (1,1) — K(e11 — ex),
(0,1) — K(e12 + €21), (1,0) — K(e12 — €21).
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The grading by C»

The structure of the relatively free graded algebra (charK = 0)
with the grading by C, was described by Repin.
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The grading by C»

The structure of the relatively free graded algebra (charK = 0)
with the grading by C, was described by Repin.

Let f(y1,..., Yk, Z1, - ., Zn_k) be multilinear, depending on

k even (degree 0) variables y and

n — k odd (degree 1) variables z.

Then Py n_x is an Sk x S,_x-module.
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The grading by C»

The structure of the relatively free graded algebra (charK = 0)
with the grading by C, was described by Repin.

Let f(y1,..., Yk, Z1, - ., Zn_k) be multilinear, depending on

k even (degree 0) variables y and

n — k odd (degree 1) variables z.

Then Py n_x is an Sk x S,_x-module.

Denote Qk n—k the multilinear part of the relatively free algebra
of sk with the 2-grading, and xx »—x its character. Then

Xk,n—k = Z mA,u(XA X Xu)

Here x ® x, is the irreducible Sk ,_x character for the pair of
partitions (A, u).
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The grading by C»

Lemma (Repin)
If \o > 0 orpuz >0 thenm, , = 0.
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The grading by C»

Lemma (Repin)
If \o > 0 orpuz >0 thenm, , = 0.

Theorem (Repin)

LetG= Cy, andlet A = (k), p = (q+r,q). Thenmy , =1 if
and only if

n#k, n#r, r=1 or k+qg=21.

In all remaining cases my ,, = 0.
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The grading by C> x Co

Analogously for the C> x Co-grading one has four sets of
variables, and S, x S x Sy x §t-module and character,
n=p+q+r+t.
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The grading by C> x Co

Analogously for the C> x Co-grading one has four sets of
variables, and S, x S x Sy x §t-module and character,
n=p+q+r+t.

Theorem (Repin)

M v = 1 ifand only if
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The grading by C> x Co

Analogously for the C> x Co-grading one has four sets of
variables, and S, x S x Sy x §t-module and character,
n=p+q+r+t.

Theorem (Repin)

M v = 1 ifand only if
A=(p), n=(q), v=(n), 7=(1),
andp=0,q9#n,r#n,t=#n, and

gq—r=-1, or r—t=s1

In all remaining cases my ,, , » = 0.
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The grading by Z

The grading by Z is concentrated on —1, 0, 1.
Hence one considers S, x Sg x S,-modules and characters.
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The grading by Z

The grading by Z is concentrated on —1, 0, 1.
Hence one considers S, x Sg x S,-modules and characters.

Theorem (Repin)
Letn=p+qg+r>1. Thenm,,, =1 ifand only if
A=(P), p=(q), v=(n),

andp#n,qg#n,r£nandp=rorp=r=+1.
In the remaining cases m,, ,,, = 0.
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Basis of the graded identities

We consider the grading by C,, assuming K infinite, charK # 2.
(So we cannot use the results of Repin.)
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Basis of the graded identities

We consider the grading by C,, assuming K infinite, charK # 2.
(So we cannot use the results of Repin.)

Theorem (PK)

The graded identities for sk with the C»-grading follow from

[v1, Yl

Recall that y are even, and z are odd variables.
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Basis of the graded identities

We consider the grading by C,, assuming K infinite, charK # 2.
(So we cannot use the results of Repin.)

Theorem (PK)

The graded identities for sk with the C»-grading follow from

[v1, Yl

Recall that y are even, and z are odd variables.
We shall give a (very brief) sketch of the proof.
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Some graded identities

Denote I = ([y1, y2))-
The following polynomials lie in I.
Q [(zi,y1, Y 2] = (=) [z2 045 Y1, 21
Q V. 21,20, 23, 24) — |V, Z3, 24, 21, Z2].
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Some graded identities

Denote I = ([y1, yo])-

Lemma

The following polynomials lie in I.

Q [z1,y1, -y 22l — (1) zo, 1, v A1)
Q V. 21,20, 23, 24) — |V, Z3, 24, 21, Z2].

Q (21,22, 23, y1, Y2l — [21, Y1, Y2, Z2, Z3].

Q V1,21,22,23,y2] = V2,21, 22, 23, 1]
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The operators L(a, b)

Now one defines the transformation L(a, b) as usual. If wy, ws,
a, b are elements of the Lie algebra L(Y,Z)// then
[wq, wo]L(a, b) equals

(1 /8)([W1 , 8, b7 W2] + [W1 ) bv a, W2] - [W27 a, wy, b] - [W27 ba Wy, a])



Graded sk
0000000080

The operators L(a, b)

Now one defines the transformation L(a, b) as usual. If wy, ws,
a, b are elements of the Lie algebra L(Y,Z)// then
[wq, wo]L(a, b) equals

(1 /8)([W1 , 8, b7 W2] + [W1 ) bv a, W2] - [W27 a, wy, b] - [W27 ba Wy, a])

By using the above graded identities one deduces

L(a, b) is well defined linear operator on [L(Y,Z),L(Y, Z)].
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The operators L(a, b)

Now one defines the transformation L(a, b) as usual. If wy, ws,
a, b are elements of the Lie algebra L(Y,Z)// then
[wq, wo]L(a, b) equals

(1 /8)([W1 , 8, b7 W2] + [W1 ) bv a, W2] - [W27 a, wy, b] - [W27 ba Wy, a])

By using the above graded identities one deduces

L(a, b) is well defined linear operator on [L(Y,Z),L(Y, Z)].

Now one applies the invariants of the orthogonal group as done
several times earlier, and obtains the theorem.
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The remaining gradings

These follow from the description of the 2-graded identities.

@ /f G = Z then the graded identities follow from

[x1,x2],degx; =0,  y=0,|degy|>1.
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The remaining gradings

These follow from the description of the 2-graded identities.

@ /f G = Z then the graded identities follow from

[x1,x2],degx; =0,  y=0,|degy|>1.

@ I/f G= C, x C, then the graded identities follow from

t=0, degt = (0,0).
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© Graded identities for Jordan algebras
@ Graded Jordan identities
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The algebra J

Assume K is infinite, charK # 2.
Let J be the Jordan algebra of 2 x 2 symmetric matrices.
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Assume K is infinite, charK # 2.
Let J be the Jordan algebra of 2 x 2 symmetric matrices.

It is simple, and it is isomorphic to the Jordan algebra of a
symmetric bilinear form on a vector space of dimension 2.
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The algebra J

Assume K is infinite, charK # 2.

Let J be the Jordan algebra of 2 x 2 symmetric matrices.
It is simple, and it is isomorphic to the Jordan algebra of a
symmetric bilinear form on a vector space of dimension 2.

Definition

Let V be a vector space with a symmetric bilinear form f,
dim V = co. Define on B= K ¢ V a product

(a+u)o(B+V)=(af+f(u,v))+ (au+ pv),

a, B € K,u,veV.WhendimV = ndenote it V,, resp. B.
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The algebra J

Assume K is infinite, charK # 2.

Let J be the Jordan algebra of 2 x 2 symmetric matrices.
It is simple, and it is isomorphic to the Jordan algebra of a
symmetric bilinear form on a vector space of dimension 2.

Definition
Let V be a vector space with a symmetric bilinear form f,
dim V = co. Define on B= K ¢ V a product

(a+u)o(B+V)=(af+f(u,v))+ (au+ pv),

a, B € K,u,veV.WhendimV = ndenote it V,, resp. B.

The Jordan algebras B, B, are simple (as long as f is
nondegenerate).
They are special (B C C where C is the Clifford algebra of V).
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Gradings on B and on B,

The gradings on B and B, by a group G are known.

Theorem (Bahturin, Shestakov)

Let B = ®By be G-graded.
Then there exists a homogeneous basis T of V such that
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Gradings on B and on B,

The gradings on B and B, by a group G are known.

Theorem (Bahturin, Shestakov)

Let B = ®By be G-graded.
Then there exists a homogeneous basis T of V such that
T = EU E' UF, adisjoint union where
@ There is a 1-1 correspondence E «— E’ with e — € and
le| =|e/|""#£ecG;|fP=eforallec E, fcF.
@ F isorthonormaland F L E, F 1 E'.
The converse also holds.
Analogously for B,.
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The algebra J

We write J = K & { traceless symmetric matrices}.
If u and v are symmetric and traceless matrices then uo v =\
is a scalar matrix.
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The algebra J

We write J = K & { traceless symmetric matrices}.

If u and v are symmetric and traceless matrices then uo v =\
is a scalar matrix.

In this way one defines a symmetric bilinear form on J; it is
nondegenerate.

Therefore J = B,.
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The algebra J

We write J = K & { traceless symmetric matrices}.

If u and v are symmetric and traceless matrices then uo v =\
is a scalar matrix.

In this way one defines a symmetric bilinear form on J; it is
nondegenerate.

Therefore J = B,.
Recall V can have several nonequivalent bilinear forms that

define nonisomorphic Jordan algebras J.
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The algebra J

We write J = K & { traceless symmetric matrices}.

If u and v are symmetric and traceless matrices then uo v =\
is a scalar matrix.

In this way one defines a symmetric bilinear form on J; it is
nondegenerate.

Therefore J = B,.

Recall V can have several nonequivalent bilinear forms that
define nonisomorphic Jordan algebras J.

Fortunately their (graded) identities are the same.
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The algebra J

Fix the following basis of J.

1 =61+ e, a= ey — e, b= ez + €.
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The algebra J

Fix the following basis of J.
1 =e1 + e, a= ey — e, b= e+ 6.

Then
&=b"=1, aob=0.
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The algebra J

Fix the following basis of J.
1=e1 + e, a= ey — e, b= ez + ep1.
Then
&=b"=1, aob=0.

Hence if Vo, = sp(a, b) then J = K & V; is a Jordan algebra of a
symmetric bilinear form on V..
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Gradings on B by Co

Now fix G = Co, the cyclic group of order 2. It follows

Let B= K @& V be a Jordan algebra of a bilinear form. Every
G-grading on B is defined by splitting V into a direct sum of two
orthogonal subspaces.

The same holds for B,.
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Gradings on B by Co

Now fix G = Co, the cyclic group of order 2. It follows

Let B= K @& V be a Jordan algebra of a bilinear form. Every
G-grading on B is defined by splitting V into a direct sum of two
orthogonal subspaces.

The same holds for B,.

The above theorem is a particular case of the above cited
classification of the gradings on B and B, given by Bahturin
and Shestakov.
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Gradings on B by Co

Now fix G = Co, the cyclic group of order 2. It follows

Let B= K @& V be a Jordan algebra of a bilinear form. Every
G-grading on B is defined by splitting V into a direct sum of two
orthogonal subspaces.

The same holds for B,.

The above theorem is a particular case of the above cited
classification of the gradings on B and B, given by Bahturin
and Shestakov.

On the other hand it can be obtained directly (and quite easily).
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Gradings on J

Corollary

Up to a graded isomorphism there are two nontrivial gradings
ond=Jy® Jq.
@ the nonscalar grading

Jo = sp(1,a), Ji = sp(b).

@ the scalar grading

J =K, Ji = sp(a,b).
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The nonscalar grading

We denote
(x,y,2) = (xy)z — x(yz)
the associator of x, y, z in a nonassociative algebra.
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We denote
(x,y,2) = (xy)z — x(yz)
the associator of x, y, z in a nonassociative algebra.

In long associators the (missing) parentheses are supposed left
normed:

(Xa%Z, t? U) = ((X,y,Z),t, U)'
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The nonscalar grading

We denote
(x,y,2) = (xy)z — x(yz)
the associator of x, y, z in a nonassociative algebra.

In long associators the (missing) parentheses are supposed left
normed:

(Xa%Z, t? U) = ((X,y,Z),t, U)'

Recall we use y and z for even, respectively odd variables.
Letters x denote any of these.
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The nonscalar grading

Denote by / the ideal of graded identities generated by the
polynomials

x1(x2X3) — X2(X1x3),  [X1] = [Xg]

(Y1Ye. z1,22) — (V1 (Y2, 21, 22) + Yo (V1. 21, 22) — 221(22, Y1, Y2))
(Y1Yz,¥3,21) — (Yi(Y2, ¥3,21) + Yo (¥4, V3, Z1))

(2122, X1, X2)

V1, Y2, 21, X, ¥3) — (V1. Y3, 21, X, ¥2)
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Graded identities

Let T be the ideal of graded identities of J (with the nonscalar
grading).

ICT.




Jordan algebras
0O00000000e00C

Graded identities

Let T be the ideal of graded identities of J (with the nonscalar
grading).

ICT.

Hence we can work modulo /.
Denote L = J(X)/I, L is a graded Jordan algebra.

LetL=Ly& Ly. Then

@ The subalgebra Ly is associative.
@ The subalgebra of L generated by L, is associative.
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A technical lemma

We give several (quite a lot) consequences of the identities in /.

Lemma

The following polynomials lie in I.
(@) (x1, X2, X3), [x1] = |xa];
(0) W1z1, Y2, ¥3) — y1(21, Y2, ¥3),
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A technical lemma

We give several (quite a lot) consequences of the identities in /.
Lemma

The following polynomials lie in I.
(@) (x1, X2, X3), [x1] = |xa];
(0) W1z1, Y2, ¥3) — y1(21, Y2, ¥3),

(C) (217}’17- --,YZK) - (217y0'(1)7‘

.- 7ya(2k))!
o€ So;

(d) (21, Y15 -+, Voks 22, Yokt1) —

(Zr (1), Yo(1)s - - s Yo (2k)» Z2(2) s Yo(2k+1))s
S 82k+1, T E 82.
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Another technical lemma

Lemma

The following polynomials lie in I.

(i) (1,22, (V2z1)) — Vo1, 21, 22) + 21 (1, Vo, 22));
(i) z1(22, 23, ¥1);
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Another technical lemma

Lemma
The following polynomials lie in I.

(i) (1,22, (V2z1)) — Vo1, 21, 22) + 21 (1, Vo, 22));

(i) z1(z2, 23, 1),

(i) (z122)(23, %, 1) — (21, 22, Y1, X, Z3);

(V) (v1,21,22) (Vo) 23, 24) — 21(V1, 22, Z3, Y2, Z4);
V) (Y1, Y2, 21)(V3, Ya, Z2) — 21(22, Y1, Y2, ¥3, Ya)-
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Another technical lemma

Lemma

The following polynomials lie in I.

() (n1,22,(V221)) — (VoW1 21, 22) + 21()1, Vo, 22))5
(i) z1(z2,23,11);

(i) (z122)(23, X, ¥1) — (21, 22, Y1, X, Z3);

(V) (y1,21,22)(Ve, Z3, 24) — 21(V1, 22, Z3, Y2, Z4);

V) (Y1, Y2, 21)(V3, Ya, Z2) — 21(22, Y1, Y2, ¥3, Ya)-

Corollary

If uy and u, are two nonzero associators of the same
multidegree in L. Then u; = +uo.

v

A
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The basis of graded identities

Here it should go a handful of slides containing technical details
and computations. These occupy some 5 pages of
computations.
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The basis of graded identities

Here it should go a handful of slides containing technical details
and computations. These occupy some 5 pages of
computations.

Instead we omit these altogether and state the main result.

Theorem (D. Silva, PK)

The ideal of graded identities of J with the nonscalar grading
coincides with |.
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The scalar grading: J = K @ V.
The scalar grading is "easier” to resolve in a general setup.
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The scalar grading

The scalar grading: J = K @ V.

The scalar grading is "easier” to resolve in a general setup.

We describe the graded identities of the Jordan algebras B and
B, of a nondegenerate symmetric bilinear form on the vector
spaces V and V,, respectively.

We start with B=K & V.

Here B(®) = K, and B(") = V (using upper indices).
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The scalar grading

The scalar grading: J = K @ V.

The scalar grading is "easier” to resolve in a general setup.

We describe the graded identities of the Jordan algebras B and
B, of a nondegenerate symmetric bilinear form on the vector
spaces V and V,, respectively.

We start with B=K & V.

Here B(®) = K, and B(") = V (using upper indices).

The associator

(y7 X17X2)

is a graded identity for B.
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A reduction

Denote by / the ideal of graded identities generated by this
associator, and set L = J(X)/I.
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A reduction

Denote by / the ideal of graded identities generated by this
associator, and set L = J(X)/I.
Let f(y1,...,Yp, 21, ..., 2Zq) be multihomogeneous.

In L one has

fViseo Yoo 21, Zg) = Y Y0 921, ., Zg)

where g depends on the variables z only.
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Weak identities and graded identities

Recall what a weak Jordan identity is.
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Recall what a weak Jordan identity is.

Let f be as above. Then the following are equivalent.
@ f is a graded identity for B.
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Weak identities and graded identities

Recall what a weak Jordan identity is.

Let f be as above. Then the following are equivalent.
@ f is a graded identity for B.
@ g is a graded identity for B.
© g is a weak Jordan identity for the pair (B, V).
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Another reduction

Let M be the subalgebra of L = J(X)/I generated by all

variables Z.
Then M = M(©® ¢ M1 is C,-graded (induced by the grading on

L).
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Another reduction

Let M be the subalgebra of L = J(X)/I generated by all

variables Z.
Then M = M(©® ¢ M1 is C,-graded (induced by the grading on
L).

@ The subalgebra M© js spanned by all products

(2i,2,)--- (21, Z;,)-

@ The vector space M) s spanned by all
zi(zi,z,) - - (2, Z,)-
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Weak identities

Recall B is a special Jordan algebra and the Clifford algebra C
is its associative envelope.
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Weak identities

Recall B is a special Jordan algebra and the Clifford algebra C
is its associative envelope.
The weak (associative) identities for (C, V) and for (Cp, Vi)
were described as follows.

@ If charK = 0, by Drensky and PK.

@ If K is infinite of characteristic p # 2, by PK.
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Weak identities

Recall B is a special Jordan algebra and the Clifford algebra C
is its associative envelope.
The weak (associative) identities for (C, V) and for (Cp, Vi)
were described as follows.

@ If charK = 0, by Drensky and PK.

@ If K is infinite of characteristic p # 2, by PK.

The latter result relied heavily on the invariants of the
orthogonal group O;,.
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Basis of the weak Jordan identities

We use again Invariant theory, and obtain the following
theorem.

Theorem (D. Silva, PK)

@ The weak Jordan identities for the pair (B, V) are
consequences of the polynomial (x1 X2, X3, X4).
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Basis of the weak Jordan identities

We use again Invariant theory, and obtain the following
theorem.
Theorem (D. Silva, PK)
@ The weak Jordan identities for the pair (B, V) are
consequences of the polynomial (x1 X2, X3, X4).

© The weak Jordan identities for the pair (B, V,,) follow from
(X1 X2, X3, X4) and

fo="> (1) Xo(1) (Xns2Xs(2)) - - - (X241 Xo(n 1))
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The basis of graded identities

Recall that I = ((y, x1, X2)).

Corollary

1. The ideal of the graded identities for B with the scalar
grading coincides with the ideal |.
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The basis of graded identities

Recall that I = ((y, x1, X2)).

Corollary

1. The ideal of the graded identities for B with the scalar
grading coincides with the ideal |.

2. The ideal of the graded identities for B, with the scalar
grading is generated by (y, X1, X2) and by the identity

9n = Z( 1)°Z5(1)(2n+225(2)) - - - (Z2n+12Z5(n11))

where o € Spi4.
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The basis of graded identities

Recall that I = ((y, x1, X2)).

Corollary

1. The ideal of the graded identities for B with the scalar
grading coincides with the ideal |.

2. The ideal of the graded identities for B, with the scalar
grading is generated by (y, X1, X2) and by the identity

9n = Z( 1)°Z5(1)(2n+225(2)) - - - (Z2n+12Z5(n11))

where o € Sy 1.
3. The graded identities for the Jordan algebra of the symmetric
2 x 2 matrices (with the scalar grading) follow from (y, X1, X2)

and
Z(_1)aza(1)(z4 (2))( (3)) o€ S;.
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