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Definitions

Definition (Mazorchuk & Turowska 1999): Given
m R = a commutative algebra over a field k,
mt=(t,...,ts) € (R\{0})",
mo=(01,...,0n) € Autg(R)" pairwise commuting,
m po= (py)f ;=1 matrix with i € k\{0},
such that
tity = pipgio; (t)o; () Vi #J,
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Definitions

Definition (Mazorchuk & Turowska 1999): Given
m R = a commutative algebra over a field k,
mt=(t,...,ts) € (R\{0})",
mo=(01,...,0n) € Autg(R)" pairwise commuting,
m po= (py)f ;=1 matrix with i € k\{0},

such that

tity = pypio; (t)o; (t) Vi# ],
the twisted generalized Weyl construction, A" = A'(R, o, t, i), is
the R-ring generated by Xi,..., Xy, Y1,..., Y, modulo

XiY=piYiXi (i #J)
YiXi = ti, XiY; = oi(t),
Xir = O’,'(I’)X,', rY; = Y,-a,-(r) VreR. (13)
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Definitions

Any element of A’ is a (non-unique) sum of elements of the form
rYp - Yikal"'Xjn

where r € R.
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Definitions

Any element of A’ is a (non-unique) sum of elements of the form
Y Y X, X,
where r € R.
Z"-gradation on A’
deg(r) =0Vr € R,
deg(X;) = (0,...,1',...,0), deg(Y;)=(0,...,-1",...,0).
Let / := sum of all graded ideals J in A" with J N (Ap) = 0.
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Definitions

Any element of A’ is a (non-unique) sum of elements of the form

rYf1"'YI'kXJ'1"'XJ'/7
where r € R.

Z"-gradation on A’
deg(r) =0Vr € R,

deg(X;) = (0,...,1',...,0), deg(Y;)=(0,...,-1",...,0).

Let / := sum of all graded ideals J in A" with J N (Ap) = 0.
The twisted generalized Weyl algebra A = A, (R, 0, t) is defined as

A=A/l
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The construction of a twisted generalized Weyl! algebra
Au(R,0,t) from a TGW datum (R, o, t) defines a functor
A, TGW (k) — Z"-GrAlgy. That is, for any morphism
¢:(R,o,t) = (R, o', t") in TGW,(k) there is a morphism
Au(p) : Au(R,0,t) = Au(R', o', t') in Z"-GrAlg, such that
A, preserves compositions and identity morphisms.

Given any morphism ¢ : (R,0,t) — (R',0’,t") in TGW,(k),
we have the following commutative diagram in Z"-GrAlg,:

R ‘ R’ (1.4)

\Lpp,(R,o’,t) lpu,(.‘?/,a/,t/)
Au(e)
AR o, t) —"= A, (R, o', t))

Vyacheslav Futorny and Jonas Hartwig IME-USP, S3ao Paulo, Brazil

Twisted Weyl algebras and their representations



Twisted generalized Weyl algebras

[ Jelelelele}

Examples

The n:th Weyl algebra:
R =Kk[t1,..., ta],
U,‘(tj) =t + 6’] Vi, Jj

pi =1 Vi, j

Then
/= (X = X5, YiY5 = YiYi | Vi )

and A,(R,0,t) ~ An(k), the n:th Weyl algebra over k.
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Examples

If oi(t;) = t; Vi # j and t; are not zero-divisors then
1= (6] = X5 YiY; = Y)Yi | Vi £ )

= A is a generalized Weyl algebra (Bavula 1992).
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Examples

If oi(t;) = t; Vi # j and t; are not zero-divisors then
1= (6] = X5 YiY; = Y)Yi | Vi £ )

= A is a generalized Weyl algebra (Bavula 1992).

m Noncommutative Type-A Kleinian singularities. (studied by
Bavula, Hodges, Rosenberg, Bavula & Jordan): Let n =1,
R =k[u], o(u) = u—1, t € R arbitrary.
m If t = u, then R(o, t) ~ A;i(k).
mIft=—u?—u— 3, A€Ek, then R(o,t) = U(sh(k))/(C — A).
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Examples

If oi(t;) = t; Vi # j and t; are not zero-divisors then
1= (6] = X5 YiY; = Y)Yi | Vi £ )

= A is a generalized Weyl algebra (Bavula 1992).

m Noncommutative Type-A Kleinian singularities. (studied by
Bavula, Hodges, Rosenberg, Bavula & Jordan): Let n =1,
R =k[u], o(u) = u—1, t € R arbitrary.
m If t = u, then R(o, t) ~ A;i(k).
mIft=—u?—u— 3, A€Ek, then R(o,t) = U(sh(k))/(C — A).
m U(sh(k)), Ug(sh(k)), U(sh(k)), Uq(sly (k)), (generalized)
down-up algebras (Benkart & Roby 1998, Cassidy & Shelton
2004), Witten-Woronowicz deformations of U(sh), ...
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Examples

m A TGWA of “type A" (Mazorchuk and Turowska 1999):
R=C[H], i =H, b =H+1,
0'1(H) =H+ 1,02(H) =H- 1, all Hij = 1. Then
Ufl(tz)agl(tl) =HH+1)=tt

So A,(R,o,t) is some nontrivial TGWA.
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Examples

m A TGWA of “type A" (Mazorchuk and Turowska 1999):
R=C[H], i =H, b =H+1,
0'1(H) =H+ 1,02(H) =H- 1, all Hij = 1. Then

Ufl(tz)agl(tl) = H(H + 1) =t

So A,(R,o,t) is some nontrivial TGWA.
m Quantized Weyl algebras AN
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Examples

m A TGWA of “type A" (Mazorchuk and Turowska 1999):
R=C[H], i =H, b =H+1,
0'1(H) =H+ 1,02(H) =H- 1, all Hij = 1. Then

Ufl(tz)agl(tl) = H(H + 1) =t

So A,(R,o,t) is some nontrivial TGWA.

m Quantized Weyl algebras AN
m Mickelsson step algebras Z(gl,,, gl,_1 x gly).
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Examples

We say that (R, o, t) is p-consistent if the canonical map
p:R— AR, o,t) is injective.

Vyacheslav Futorny and Jonas Hartwig 3o Paulo, Brazil

sted Weyl algebras and their representations



Twisted generalized Weyl algebras

[e]e]e] lele)

Examples

We say that (R, o, t) is p-consistent if the canonical map
p:R— AR, o,t) is injective.
A regular TGW datum D = (R, 0,t) € TGW,(k) is u-consistent iff

O','O'j(t,‘tj) = IU’IJ/'{/JIUI(tI)O'J(tJ)7 VI7J = 17 ceey N, i 3&.]7
(1.5)
t:I'O','O'k(tj) = U;(t:j)O'k(tj), VI,_],k = 17 -y Ny I#J 75 k 7& I

(1.6)

Vyacheslav Futorny and Jonas Hartwig IME-USP, S3ao Paulo, Brazil

Twisted Weyl algebras and their representations



Twisted generalized Weyl algebras GW as of Lie type (A1)”

Examples

Theorem A

Assume that D = (R, 0, t) is a u-consistent data. If t1,...,t, are
invertible in R, then A, (R, o,t) is graded isomorphic to a
7Z."-crossed product algebra over R: there is a unique o-twisted
2-cocycle o : 7" x 7" — R* for which there exists a graded
isomorphism

§up: RxJZ" — Au(R,0,t)
satisfying
§(rug) = rXFH - X2,

a(g, h)a(gh, k) = og(a(h, k))a(g, hk); a(g, e) = a(e,g) =1
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Examples

If t1,...,t, are regular in R, then A, (R, o,t) can be embedded
into a Z"-crossed product algebra over a localization of R.
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A twisted generalized Weyl algebra A = A, (R, 0, t) is locally finite
over k if

dimy (Spank{a;‘(tj) | ij=1,...,nk €Z}) < co.

If A'is locally finite over k, let pj; be the minimal polynomial for o;
acting on the space

Spany {o(t)) | k € Z}.
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Locally finite TGWAs

The matrix Ca = (aj)7;_; defined by

2, ifi=],

ajj .
1 — deg(pjj), otherwise.

is a generalized Cartan matrix. That is,

deg(py) > 1 Vi# ],

and
deg(pj) = 1 <= deg(pji) = 1.
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Theorem

Let A= A,(R,0,t) be a locally finite TGWA, where R has no
zero-divisors and pjj = 1Vi,j. Then for all i,j=1,...,n, i # j,

there is a unique minimal mj; € Z~q and unique )\,(-jl)7 . )\E-J-m’j) ek,
A,(-Jm) # 0 such that

XX 4+ APXTTTEXX -4 AT XX = 0,
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Locally finite TGWAs

Theorem

Let A= A,(R,0,t) be a locally finite TGWA, where R has no
zero-divisors and pjj = 1Vi,j. Then for all i,j=1,...,n, i # j,

there is a unique minimal mj; € Z~q and unique )\,(-jl)7 . )\E-J-m’j) ek,
A,(-Jm) # 0 such that

XX 4+ APXTTTEXX -4 AT XX = 0,
They are given by the polynomials pj;:

pii(x) = x™i + A xmit g alm),
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Locally finite TGWAs

Theorem

Let A= A,(R,0,t) be a locally finite TGWA, where R has no
zero-divisors and pjj = 1Vi,j. Then for all i,j=1,...,n, i # j,

there is a unique minimal mj; € Z~q and unique )\,(-jl)7 . )\E-J-m’j) ek,
A,(-Jm) # 0 such that

XX 4+ APXTTTEXX -4 AT XX = 0,
They are given by the polynomials pj;:

pii(x) = x™i + A xmit g alm),

Also,

OO A S A RS A 2 e )
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Locally finite TGWAs

Example:
Let A= A(R,o,t, ) be the TGWA of “type Ay": R = C[H],
ti=H, b=H+1, Ul(H):H+1,02(H):H—1, all /,L;j:]..
Then

O'%(tl) — 20’2(t1) +t=0

and {t1,02(t1)} is linearly independent.
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Locally finite TGWAs

Example:
Let A= A(R,o,t, ) be the TGWA of “type Ay": R = C[H],
ti=H, b=H+1, Ul(H):H+1,02(H):H—1, all /,L;j:]..
Then

O'%(tl) — 20’2(t1) +t=0

and {t1,02(t1)} is linearly independent. So 1 — deg(p21) = —1.
Similarly 1 — deg(p12) = —1. Thus

2 -1
=[5 7]

really motivating us to say A is of type Ap!
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Locally finite TGWAs

Example:
Let A= A(R,o,t, ) be the TGWA of “type Ay": R = C[H],
ti=H, b=H+1, Ul(H):H+1,02(H):H—1, all /,L;j:]..
Then

O'%(tl) — 20’2(t1) +t=0

and {t1,02(t1)} is linearly independent. So 1 — deg(p21) = —1.
Similarly 1 — deg(p12) = —1. Thus

R
really motivating us to say A is of type Ax! Moreover, in A,
XEXj = 2XiXXi + X X7 =0, {i,j} ={1,2},
YV, =2YiY;Yi+ VYR =0, {ij}={1,2}.
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To any generalized Cartan matrix C = (aj;) we can associate the
polynomials p;i(x) = (x — 1)172, j # j. Then the above relations
look like ordinary Serre relations for the Kac-Moody algebra g(C).
If we instead take pjj(x) = (x — q%)(x — q?F2) .- (x — g~ we
get quantum Serre relations.
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Theorem

Let A= A,(R,o,t) is a locally finite TGW algebra of type (A1)",
where (R, 0, t) is regular and u-consistent. Then A is isomorphic
to the R-ring generated by Xi,...,Xn, Y1,..., Yn modulo the
relations

Xir = 0i(r)Xi,  Yir=07'(r)Y; VreR,Vi,

_ (2.1)
Viiks = i Sty = el Vi,
XiYj = pgYiXis XX =yug XiXi, ViYi=gugt ViV, i # ],
(2.2)

where oi(tj) = vyijtj, i # J.
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Moreover, A is simple if and only if R is Z"-simple and
Rt + Rod(t;) = Rforalld € Zsgand i =1,...,n.
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Multiparameter twisted Weyl algebras

Let n € Z~o and k € Z\{0} and let A = (\j;), r = (rjj) and
s = (sjj) be three n x n-matrix with entries from k\{0}, such that

Aii = 1Viand A\jji = 1 Vi # J, (3.1)
rii/sii is a nonroot of unity Vi,
i =sf i #]). (3.3)
Let
F\’:]k[ulil,...,u,jfl,vllLl,...,v;—L:l , (3.4)

o1,...,0n € Autg(R) as follows:
oi(w) =iy, ai(v) =55, (3.5)
forall i,j € {1,...,n}, and

(fiiui)k - (SiiVi)k
ti = p P . (3.6)
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Put
pij = 7Ny 1 # . (37)

Then (R,o,t) is p-consistent and A, (R, 0, t) = Ak(r,s,\) is a
multiparameter twisted Weyl algebra.
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Put
pij = 7Ny 1 # . (37)

Then (R,o,t) is p-consistent and A, (R, 0, t) = Ak(r,s,\) is a
multiparameter twisted Weyl algebra.

Let RZ" ={reR|oi(r)=rVi=1,...,n},
G ={d € Z?" | u? € R”"} the gradation group of R”".
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Theorem B
Let A= AX(r,s,\) be a multiparameter twisted Weyl algebra.

(a) The assignment
n— A/(n) (3.8)

where (n) denotes the ideal in A generated by n, is a bijection
between the set of maximal ideals in the invariant subring R%"
and the set of simple quotients of A in which all

Xi, Yi(i=1,...,n) are regular.

(b) For any n € Specm(R%"), the quotient A/(n) is isomorphic to
the twisted generalized Weyl algebra A, (R/Rn,&,t), where
Gg(r+ Rn) =o0g(r)+ Rn,Vg € Z",r € R and
=t + Rn, Vi.

(c) A/(n) is a domain for all w € Specm(R”") if and only if Z°" /G
is torsion-free.
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Multiparameter Weyl algebras and Hayashi's g-analog
Let r=(r,...,rn), s = (s1,...,Sn) are such that (r,-sfl)2 # 1 for
each i. Let A, s(n) be the unital associative algebra generated by
p,-,,o,- 00,0} ~1 ,Xi, Vi, i =1,...,n, subject to the following

relations:

(R1) The p 0- aII commute with one another and
PIP,' =oj0; =1,

(R2) pixj = r." ”’iji pivi =17 yip; 1<ij<n

(R3) oixj = s,.di’jxja,- oiyj = 5,._6"”')/1-0,- 1<i,j<n

(R4) xixj = xjxi, Yi¥i = Y¥i, 1<i,j<n
YiXj = XjYi, 1<i#j<n

(R5) yixj — r,-2x,-y,- = a,-2 and yix; — s,-2x,-y,- = p,?, 1<i<n,
or equivalently
22 2.2 2 2
, réps — stoe p; — o .
(R5') yixi = =—5—5—+ and xyi=y—5 1<i<n

IME-USP, S3o Paulo, Brazil
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Multiparameter Weyl algebras and Hayashi's g-analog

A, s(n) is a multiparameter Weyl algebra.
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Multiparameter Weyl algebras and Hayashi's g-analog

A, s(n) is a multiparameter Weyl algebra.

When r; = g~ and s; = g for all i, the quotient by the ideal
generated by ojp; — 1, i =1,...,n, gives Hayashi's g-analogs of
the Weyl algebras.
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Multiparameter Weyl algebras and Hayashi's g-analog

A, s(n) is a multiparameter Weyl algebra.

When r; = g~ and s; = g for all i, the quotient by the ideal
generated by ojp; — 1, i =1,...,n, gives Hayashi's g-analogs of
the Weyl algebras.

Take k =2, and for all i,j put A\jj =1, rjj = r,-a"j, Sij = sf”, where
ri,si € k\{0}, i =1,...,n. Then AX(r,s,A) is isomorphic to
Ars(n).

Vyacheslav Futorny and Jonas Hartwig IME-USP, S3o Paulo, Brazil

Twisted Weyl algebras and their representations



Multiparameter twisted Weyl algebras
[e]e] ]

Multiparameter Weyl algebras and Hayashi's g-analog

Proposition
(Benkart) When the parameters r;, s; are generic, the
multiparameter Weyl algebra A, s(n) is isomorphic to the degree n
generalized Weyl algebra over D, where D is the k-algebra
generated by the elements p;, pi_l, oj, ai_l, i=1,...,n, subject to
the relations in (R1). Thus, A, s(n) is Noetherian domain.

IME-USP, S3o Paulo, Brazil

Vyacheslav Futorny and Jonas Hartwig

Twisted Weyl algebras and their representations



Multiparameter twisted Weyl algebras

@00000

Quantized Weyl algebras

Let § = (q1,-.-,qn) be an n-tuple of elements of k\{0}. Let

A = (Aj)7 ;=1 be an n x n matrix with Aj; € k\{0}, such that:
>‘ij>‘ji =1 for all i,j.

The multiparameter quantized Wey! algebra of degree n over k,
denoted Aﬂ’/\(k), is defined as the unital k-algebra generated by
xj, yi, 1 < i < n subject to the following defining relations:

Yiyji = NijyiYi, Vi, J, (3.9)

XiXj = QiNijXjXi, i</, (3.10)

XiYj = AjiYjXi, i<j, (3.11)

Xiyj = qj)\j,'ij;, i >j, (3.12)
i—1

Xiyi — qiyixi =1+ > (qk = Vyexk, Vi (3.13)
k=1
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Quantized Weyl algebras

Fork=Cand g1 = = q, = u?, Nji = pVj < i, where
1 € k\{0}, the algebra AZ"(k) is isomorphic to the quantized
Weyl algebra introduced by Pusz and Woronowicz.
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Quantized Weyl algebras

MQWA can be realized as a TGWA. Let P = Kk[si,...,ss] and
Ti € Aut P defined by

Sj, j< i,
7i(s)) = S 1+ qisi + Y ja(ak — Vs, j =1, (3.14)
qis;, Jj> .

Let 1o = (i)~ be such that

i = {A o (3.15)
qj)\j,-, 1> J.

Put 7 = (71,...,75) and s = (s1,...,s5). Then A,(P,7,s) is

k-finitistic, pjj(x) = x — 1 for i < j and pj(x) = x — q; for j > i,

so it is of type (A1)", and A, (P, T,s) is isomorphic to AZ’A(k) via

Xi— x;i, Yi—yjand s; — y;x;.
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Quantized Weyl algebras

Identify P with its image in AZ" via s; — yix;. Consider

=14+ (g—1)s, i=1,...,n (3.16)
k<i
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isted Weyl algebras and their representations



Multiparameter twisted Weyl algebras

000e00

Quantized Weyl algebras

Identify P with its image in AZ" via s; — yix;. Consider

=14+ (g—1)s, i=1,...,n (3.16)
k<i

The set S := {z{‘1 <oz ke, ...k, € Z} \ {0} is an Ore set, and
provided that none of the g; is a root of unity, the algebra

(_]7/\ [— -1 (_]7/\
BIN .= 5147

is simple.
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Quantized Weyl algebras

Identify P with its image in AZ" via s; — yix;. Consider

=14+ (g—1)s, i=1,...,n (3.16)
k<i

The set S := {z{‘1 <oz ke, ...k, € Z} \ {0} is an Ore set, and
provided that none of the g; is a root of unity, the algebra

(_]7/\ [— -1 (_]7/\
BIN .= 5147

is simple.
Then we have

BIN ~ §TIATA ~ S_IAM(PUV s) =~ A#(S_1P77~—> s)-
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Quantized Weyl algebras

Algebra B3 fits into the framework of multiparameter twisted
Weyl algebras. Let g = (q1,.-.,qn) € (K\{0})", A = (A\y)];_;
with \jj € k\{0}, Aii = 1, A\jAji = 1 for all i, (none of the g; is a
root of unity). Let

1, < 1, j<i
r,-j:{ _1 J S,'j:{ _1 ) ) (3.17)

q; -I> i q; > J >
Let AX(r,s,A) = Au(R, 0, t) where

R=k[uf!,... vt vit ... v, (3.18)
oi(w) =ity ai(v) =55, (3.19)

-1

upi—4q; v

f= UG Y (3.20)

i 1_ q 1
pij = 1 i, Vi . (321)
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Quantized Weyl algebras

Aﬁ(r, s,\N) = A,(R,0,t)

i

AN o A, (R/J,5,T)

2

—— A(S'P,7,s) ~ B

Au(P,7,s) ~ AGN

Vyacheslav Futorny and Jonas Hartwig 3o Paulo, Brazil
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Quantized Weyl algebras

THANK YOU!

Vyacheslav Futorny and Jonas Hartwig Brazil
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