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H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Original Wedderburn — Mal’cev and Levi theorems

Theorem (J.H.M. Wedderburn, A.l. Mal’cev)

Let A be a finite dimensional associative algebra over a field F
of characteristic 0. Then there exists a maximal semisimple
subalgebra B C A such that A= B & J(A) (direct sum of
subspaces) where J(A) is the Jacobson radical of A.
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Original Wedderburn — Mal’cev and Levi theorems

Theorem (J.H.M. Wedderburn, A.l. Mal’cev)

Let A be a finite dimensional associative algebra over a field F
of characteristic 0. Then there exists a maximal semisimple
subalgebra B C A such that A= B & J(A) (direct sum of
subspaces) where J(A) is the Jacobson radical of A. Moreover,
if A is unitary and A = B’ & J(A) for another subalgebra B', then
B' = (1—j)""'B(1 —j) for some j € J(A).
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Original Wedderburn — Mal’cev and Levi theorems

Theorem (J.H.M. Wedderburn, A.l. Mal’cev)

Let A be a finite dimensional associative algebra over a field F
of characteristic 0. Then there exists a maximal semisimple
subalgebra B C A such that A= B & J(A) (direct sum of
subspaces) where J(A) is the Jacobson radical of A. Moreover,
if A is unitary and A = B’ & J(A) for another subalgebra B', then
B' = (1—j)""'B(1 —j) for some j € J(A).

Theorem (E. Levi)

Let L be a finite dimensional Lie algebra over a field F of
characteristic 0. Then there exists a maximal semisimple
Subalgebra B C L such that L = B & R (direct sum of
subspaces) where R is the solvable radical of L.
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Examples of H-(co)module algebras

@ graded algebras. Let G be a group. We say that an algebra
A= @, A9 is graded it ADAN) C AN forall g, h e G.
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Examples of H-(co)module algebras

@ graded algebras. Let G be a group. We say that an algebra
A=@,A9 is graded if ADAM C AWM forall g, h € G.

@ algebras with an action of a group by automorphisms. Let
G be a group. We say that an algebra A is a G-algebra if A
is endowed with a homomorphism G — Aut(A). In
particular, (ab)? = a9b9, a, b € A.

Alexey Gordienko Invariant decompositions of H-(co)module algebras

4/78



H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals

Other invariant decompositions

Examples of H-(co)module algebras

@ graded algebras. Let G be a group. We say that an algebra
A=@,A9 is graded if ADAM C AWM forall g, h € G.

@ algebras with an action of a group by automorphisms. Let
G be a group. We say that an algebra A is a G-algebra if A
is endowed with a homomorphism G — Aut(A). In
particular, (ab)? = a9b9, a, b € A.

@ algebras with an action of a Lie algebra by derivations. We
say that a Lie algebra g acts on an algebra A by derivations
if A is endowed with a homomorphism g — Der(A). In
particular, u(ab) = (ua)b+ a(ub) forall a,b € A, u € g.
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H-module algebras

Let A be an algebra over a field F.
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H-module algebras

Let A be an algebra over a field F. Suppose A is a left
H-module where H is a Hopf algebra.

Alexey Gordienko Invariant decompo: s of H-(co)module algebras 5/78



H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

H-module algebras

Definition

Let A be an algebra over a field F. Suppose A is a left
H-module where H is a Hopf algebra. We say that A is an
H-module algebra if h(ab) = (h(y)a)(hz)b) for all h € H and
a,b € A. Here we use Sweedler’s notation A(a) = a) ® az).
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Let A be an algebra over a field F. Suppose A is a left
H-module where H is a Hopf algebra. We say that A is an
H-module algebra if h(ab) = (h(y)a)(hz)b) for all h € H and
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Example

Let A be an algebra. Suppose a group G acts on A by
automorphisms.
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Let A be an algebra over a field F. Suppose A is a left
H-module where H is a Hopf algebra. We say that A is an
H-module algebra if h(ab) = (h(y)a)(hz)b) for all h € H and
a,b € A. Here we use Sweedler’s notation A(a) = a) ® az).

Example

Let A be an algebra. Suppose a group G acts on A by
automorphisms. Denote by FG the group algebra of G.
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H-module algebras

Definition

Let A be an algebra over a field F. Suppose A is a left
H-module where H is a Hopf algebra. We say that A is an
H-module algebra if h(ab) = (h(y)a)(hz)b) for all h € H and
a,b € A. Here we use Sweedler’s notation A(a) = a) ® az).

Example

Let A be an algebra. Suppose a group G acts on A by
automorphisms. Denote by FG the group algebra of G. Then
FG is a Hopf algebra with the comultiplication A(g) = g ® g,
the counit £(g) = 1, and the antipode S(g) =g~ ', g € G.
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H-module algebras

Definition

Let A be an algebra over a field F. Suppose A is a left
H-module where H is a Hopf algebra. We say that A is an
H-module algebra if h(ab) = (h(y)a)(hz)b) for all h € H and
a,b € A. Here we use Sweedler’s notation A(a) = a) ® az).

Let A be an algebra. Suppose a group G acts on A by
automorphisms. Denote by FG the group algebra of G. Then
FG is a Hopf algebra with the comultiplication A(g) = g ® g,
the counit £(g) = 1, and the antipode S(g) =g~ ', g € G.
Moreover A is an FG-module algebra.
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H-module algebras

Let A be an algebra and g be a Lie algebra.
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H-module algebras

Example

Let A be an algebra and g be a Lie algebra. The universal
enveloping algebra U(g) is a Hopf algebra where
AlV)=ve1+1®vVv,e(v)=0,S(v)=—vforallveg.
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H-module algebras

Example

Let A be an algebra and g be a Lie algebra. The universal
enveloping algebra U(g) is a Hopf algebra where
A(v)=ve1+1®@Vv,e(v)=0,S(v)=—vforallveg.
Suppose g is acting on A by derivations.
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H-module algebras

Example

Let A be an algebra and g be a Lie algebra. The universal
enveloping algebra U(g) is a Hopf algebra where
AlV)=ve1+1®vVv,e(v)=0,S(v)=—vforallveg.
Suppose g is acting on A by derivations. Consider the
corresponding homomorphism U(g) — Endg(A) of associative
algebras.
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H-module algebras

Example

Let A be an algebra and g be a Lie algebra. The universal
enveloping algebra U(g) is a Hopf algebra where
AlV)=ve1+1®vVv,e(v)=0,S(v)=—vforallveg.
Suppose g is acting on A by derivations. Consider the
corresponding homomorphism U(g) — Endg(A) of associative
algebras. Then A becomes an U(g)-module algebra.
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H-comodule algebras

Let A be an algebra over a field F.
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H-comodule algebras

Let A be an algebra over a field F. Suppose A is a right
H-comodule for some Hopf algebra H.
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Definition
Let A be an algebra over a field F. Suppose A is a right

H-comodule for some Hopf algebra H. Denote by
p: A— A® H the corresponding comodule map.
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Definition

Let A be an algebra over a field F. Suppose A is a right
H-comodule for some Hopf algebra H. Denote by

p: A— A® H the corresponding comodule map. We say that A
is an H-comodule algebra if p(ab) = ag)b() @ a(1)b(1) for all
a,b € A. Here we use Sweedler’s notation p(a) = a0y ® a1)-
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H-comodule algebras

Definition

Let A be an algebra over a field F. Suppose A is a right
H-comodule for some Hopf algebra H. Denote by

p: A— A® H the corresponding comodule map. We say that A
is an H-comodule algebra if p(ab) = ag)b() @ a(1)b(1) for all
a,b € A. Here we use Sweedler’s notation p(a) = a0y ® a1)-

Example

Let A= @, A be an algebra over a field F graded by a
group G.
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H-comodule algebras

Definition

Let A be an algebra over a field F. Suppose A is a right
H-comodule for some Hopf algebra H. Denote by

p: A— A® H the corresponding comodule map. We say that A
is an H-comodule algebra if p(ab) = ag)b() @ a(1)b(1) for all
a,b € A. Here we use Sweedler’s notation p(a) = a0y ® a1)-

Let A= @D, A be an algebra over a field F graded by a
group G. Then Ais an FG-comodule algebra where
p(a9) = a9 @ gforall g € Gand al9 e AW9),
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Let G be an affine algebraic group over a field F.
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Affine algebraic groups

Let G be an affine algebraic group over a field F.
Denote by O(G) the coordinate algebra of G.
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Affine algebraic groups

Let G be an affine algebraic group over a field F.
Denote by O(G) the coordinate algebra of G.

Then O(G) is a Hopf algebra where the comultiplication
A: O(G) — O(G) ® O(G) is dual to the multiplication
GxG— G,
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Affine algebraic groups

Let G be an affine algebraic group over a field F.

Denote by O(G) the coordinate algebra of G.

Then O(G) is a Hopf algebra where the comultiplication

A: O(G) — O(G) ® O(G) is dual to the multiplication

G x G — G, the counite: O(G) — F is defined by ¢(f) = f(1g),
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Affine algebraic groups

Let G be an affine algebraic group over a field F.

Denote by O(G) the coordinate algebra of G.

Then O(G) is a Hopf algebra where the comultiplication

A: O(G) — O(G) ® O(G) is dual to the multiplication

G x G — G, the counite: O(G) — F is defined by ¢(f) = f(1g),
and the antipode S: O(G) — O(G) is dual to the map g — g~ ',
ge G
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H-comodule algebras

Let A be an algebra over a field F and let G be an affine
algebraic group.
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H-comodule algebras

Let A be an algebra over a field F and let G be an affine
algebraic group.

Suppose A is endowed with a rational action of G by
automorphisms, i.e. there is a fixed homomorphism

G — Aut(A) C GL(A)
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H-comodule algebras

Let A be an algebra over a field F and let G be an affine
algebraic group.

Suppose A is endowed with a rational action of G by
automorphisms, i.e. there is a fixed homomorphism

G — Aut(A) C GL(A) such that for some basis eq,...,en of A
we have ge; = "1, wji(g)e; where wj; are polynomials in the
coordinates of g € G.
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Let A be an algebra over a field F and let G be an affine
algebraic group.

Suppose A is endowed with a rational action of G by
automorphisms, i.e. there is a fixed homomorphism

G — Aut(A) C GL(A) such that for some basis eq,...,en of A
we have ge; = "1, wji(g)e; where wj; are polynomials in the
coordinates of g € G.

Then Ais an O(G)-comodule algebra where

p(e) =X e @wj, 1 <j<m and ga=an)(g)ao) g € G
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H-comodule algebras

Let A be an algebra over a field F and let G be an affine
algebraic group.

Suppose A is endowed with a rational action of G by
automorphisms, i.e. there is a fixed homomorphism

G — Aut(A) C GL(A) such that for some basis eq,...,en of A
we have ge; = "1, wji(g)e; where wj; are polynomials in the
coordinates of g € G.

Then Ais an O(G)-comodule algebra where

p(e) =X e @wj, 1 <j<m and ga= au)(g)ao) g € G.
Furthermore, each O(G)-subcomodule of A is a G-invariant
subspace and vice versa.
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H-(co)module algebras

If dim H < 400, then we can define a Hopf algebra structure on
the space H* := Homg(H, F) using the dual operators.
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Invariant decompositions

H-(co)module algebras

If dim H < 400, then we can define a Hopf algebra structure on
the space H* := Homg(H, F) using the dual operators.

In this case, every H-comodule algebra A is an H*-module
algebra and vice versa.
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H-(co)module algebras

If dim H < 400, then we can define a Hopf algebra structure on
the space H* := Homg(H, F) using the dual operators.

In this case, every H-comodule algebra A is an H*-module
algebra and vice versa.

The correspondence between the H-coaction and the H*-action
is given by the formula h*a = h*(a1))a0) where h* € H*, a € A.
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Integrals on Hopf algebras

Let H be a Hopf algebra.
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Integrals on Hopf algebras

Let H be a Hopf algebra.
Recall that t € H* is a left integral on H if t(a())a() = t(a)1 for
allae H.
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Integrals on Hopf algebras

Let H be a Hopf algebra.

Recall that t € H* is a left integral on H if t(a())a() = t(a)1 for
allae H.

We say that a left integral is ad-invariant if

t(ai) b S(agz))) = e(a)t(b) forall a,b € H.
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Integrals on Hopf algebras

Let H be a Hopf algebra.

Recall that t € H* is a left integral on H if t(a())a() = t(a)1 for
allae H.

We say that a left integral is ad-invariant if

t(ai) b S(agz))) = e(a)t(b) forall a,b € H.

In the main results we assume that there exists an ad-invariant
left integral t € H* such that t(1) = 1.
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Integrals on Hopf algebras

Let H be a Hopf algebra.

Recall that t € H* is a left integral on H if t(a())a() = t(a)1 for
allae H.

We say that a left integral is ad-invariant if

t(ai) b S(agz))) = e(a)t(b) forall a,b € H.

In the main results we assume that there exists an ad-invariant
left integral t € H* such that (1) = 1.

Now we list three main examples of such Hopf algebras H.
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Integrals on Hopf algebras

Let H be a Hopf algebra.

Recall that t € H* is a left integral on H if t(a())a() = t(a)1 for
allae H.

We say that a left integral is ad-invariant if

t(ai) b S(agz))) = e(a)t(b) forall a,b € H.

In the main results we assume that there exists an ad-invariant
left integral t € H* such that (1) = 1.

Now we list three main examples of such Hopf algebras H.
First, we notice that the existence of an integral t € H*, such
that t(1) = 1, is equivalent to the cosemisimplicity of H.
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Examples of Hopf algebras with ad-invariant integrals

Let G be any group. Consider t € (FG)*,

_J o it g#,
t(g)_{1 it g=1.
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Examples of Hopf algebras with ad-invariant integrals

Let G be any group. Consider t € (FG)*,

_Jo if g#1,
t(g)_{ 10t g=1.
on FG. Note that t(1) = 1.

Then t is an ad-invariant left integral
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Examples of Hopf algebras with ad-invariant integrals

Example

Let G be any group. Consider t € (FG)*,

_Jo if g#1,
D=1 it g=1.
on FG. Note that t(1) = 1.

Then t is an ad-invariant left integral

Example
Let G be an affine algebraic group over a field F.
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Examples of Hopf algebras with ad-invariant integrals

Example
Let G be any group. Consider t € (FG)*,
t(9) = { ? :; gi 1’ Then t is an ad-invariant left integral

on FG. Note that {(1) = 1.

Example

Let G be an affine algebraic group over a field F. If Fis
algebraically closed of characteristic 0 and G is reductive, then
there exists an ad-invariant left integral t € O(G)* such that
t(1) =1.
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Examples of Hopf algebras with ad-invariant integrals

Let H be a finite dimensional (co)semisimple Hopf algebra over
a field F of characteristic 0.
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Examples of Hopf algebras with ad-invariant integrals

Let H be a finite dimensional (co)semisimple Hopf algebra over
a field F of characteristic 0. Then there exists an ad-invariant
left integral t € H* such that (1) = 1.
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Examples of Hopf algebras with ad-invariant integrals

Let H be a finite dimensional (co)semisimple Hopf algebra over
a field F of characteristic 0. Then there exists an ad-invariant
left integral t € H* such that (1) = 1.

We conclude the subsection with an example of a Hopf algebra
that does not have nonzero integrals.
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Examples of Hopf algebras with ad-invariant integrals

Let H be a finite dimensional (co)semisimple Hopf algebra over
a field F of characteristic 0. Then there exists an ad-invariant
left integral t € H* such that (1) = 1.

We conclude the subsection with an example of a Hopf algebra
that does not have nonzero integrals.

Example
Let L be a Lie algebra over a field F.
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Examples of Hopf algebras with ad-invariant integrals

Let H be a finite dimensional (co)semisimple Hopf algebra over
a field F of characteristic 0. Then there exists an ad-invariant
left integral t € H* such that (1) = 1.

We conclude the subsection with an example of a Hopf algebra
that does not have nonzero integrals.

Let L be a Lie algebra over a field F. If L # 0, F is of
characteristic 0, and t € U(L)* is a left integral of U(L), then
t=0.
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Taft’s results

In 1957 E.J. Taft proved the G-invariant Levi and
Wedderburn — Mal’cev theorems for G-algebras with an action
of a finite group G by automorphisms and anti-automorphisms.
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Taft’s results

In 1957 E.J. Taft proved the G-invariant Levi and

Wedderburn — Mal’cev theorems for G-algebras with an action
of a finite group G by automorphisms and anti-automorphisms.
Due to a well-known duality between G-gradings and
G-actions, Taft’s result implies the invariant decompositions of
algebras graded by a finite Abelian group G.
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Invariant Wedderburn — Mal’cev theorems

The study of Wedderburn decompositions for H-module
algebras started by A. V. Sidorov in 1986.
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Invariant Wedderburn — Mal’cev theorems

The study of Wedderburn decompositions for H-module
algebras started by A. V. Sidorov in 1986.
Theorem (D. Stefan, F. Van Oystaeyen, 1999)

Let A be a finite dimensional associative H-comodule algebra
over a field F of characteristic O
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Invariant Wedderburn — Mal’cev theorems

The study of Wedderburn decompositions for H-module
algebras started by A. V. Sidorov in 1986.

Theorem (D. Stefan, F. Van Oystaeyen, 1999)

Let A be a finite dimensional associative H-comodule algebra
over a field F of characteristic 0 where H is a Hopf algebra with
an ad-invariant left integral t € H*, {(1) = 1.
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Invariant Wedderburn — Mal’cev theorems

The study of Wedderburn decompositions for H-module
algebras started by A. V. Sidorov in 1986.

Theorem (D. Stefan, F. Van Oystaeyen, 1999)

Let A be a finite dimensional associative H-comodule algebra
over a field F of characteristic 0 where H is a Hopf algebra with
an ad-invariant left integral t € H*, t(1) = 1. Suppose J(A) is
an H-subcomodule.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 15/78



H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal’'cev and Levi theorems
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Invariant Wedderburn — Mal’cev theorems

The study of Wedderburn decompositions for H-module
algebras started by A. V. Sidorov in 1986.

Theorem (D. Stefan, F. Van Oystaeyen, 1999)

Let A be a finite dimensional associative H-comodule algebra
over a field F of characteristic 0 where H is a Hopf algebra with
an ad-invariant left integral t € H*, t(1) = 1. Suppose J(A) is
an H-subcomodule. Then there exists an maximal semisimple
subalgebra B C A such that A= B & J(A) (direct sum of
H-subcomodules).
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Invariant Wedderburn — Mal’cev theorems

In particular, D. Stefan and F. Van Oystaeyen proved

@ the H-(co)invariant Wedderburn — Mal’cev theorem for
finite dimensional (co)semisimple H;
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Invariant Wedderburn — Mal’cev theorems

In particular, D. Stefan and F. Van Oystaeyen proved
@ the H-(co)invariant Wedderburn — Mal’cev theorem for
finite dimensional (co)semisimple H;
@ the graded Wedderburn — Mal’cev theorem for any
grading group provided that the Jacobson radical is graded
too;
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Invariant Wedderburn — Mal’cev theorems

In particular, D. Stefan and F. Van Oystaeyen proved

@ the H-(co)invariant Wedderburn — Mal’cev theorem for
finite dimensional (co)semisimple H;

@ the graded Wedderburn — Mal’cev theorem for any
grading group provided that the Jacobson radical is graded
too;

@ if the field is algebraically closed and A is endowed with a
rational action of a reductive affine algebraic group G by
automorphisms, then B can be chosen to be G-invariant.
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Invariant Levi theorems

The graded Levi theorem for finite dimensional Lie algebras
over an algebraically closed field of characteristic 0, graded by
a finite group, was proved by D. Pagon, D. Repovs, and

M.V. Zaicev in 2011.
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Invariant Levi theorems

The graded Levi theorem for finite dimensional Lie algebras
over an algebraically closed field of characteristic 0, graded by
a finite group, was proved by D. Pagon, D. Repovs, and

M.V. Zaicev in 2011.

Theorem (A. S. Gordienko, 2012)

Let L be a finite dimensional H-comodule Lie algebra over a
field F of characteristic 0 where H is a Hopf algebra.
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Invariant Levi theorems

The graded Levi theorem for finite dimensional Lie algebras
over an algebraically closed field of characteristic 0, graded by
a finite group, was proved by D. Pagon, D. Repovs, and

M.V. Zaicev in 2011.

Theorem (A. S. Gordienko, 2012)

Let L be a finite dimensional H-comodule Lie algebra over a
field F of characteristic 0 where H is a Hopf algebra. Suppose
R is an H-subcomodule
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Invariant Levi theorems

The graded Levi theorem for finite dimensional Lie algebras
over an algebraically closed field of characteristic 0, graded by
a finite group, was proved by D. Pagon, D. Repovs, and

M.V. Zaicev in 2011.

Theorem (A. S. Gordienko, 2012)

Let L be a finite dimensional H-comodule Lie algebra over a
field F of characteristic 0 where H is a Hopf algebra. Suppose
R is an H-subcomodule and there exists an ad-invariant left
integral t € H* such that t(1) = 1.
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Invariant Levi theorems

The graded Levi theorem for finite dimensional Lie algebras
over an algebraically closed field of characteristic 0, graded by
a finite group, was proved by D. Pagon, D. Repovs, and

M.V. Zaicev in 2011.

Theorem (A. S. Gordienko, 2012)

Let L be a finite dimensional H-comodule Lie algebra over a
field F of characteristic 0 where H is a Hopf algebra. Suppose
R is an H-subcomodule and there exists an ad-invariant left
integral t € H* such that t(1) = 1. Then there exists a maximal
semisimple subalgebra B in L such that L = B & R (direct sum
of H-subcomodules).
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Invariant Levi theorems

Corollary

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0
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Invariant Levi theorems

Corollary

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 where H is a finite dimensional
(co)semisimple Hopf algebra.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 18



H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal’'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Invariant Levi theorems

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 where H is a finite dimensional
(co)semisimple Hopf algebra. Then there exists a maximal
semisimple subalgebra B in L such that L = B @ R (direct sum
of H-submodules).
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Invariant Levi theorems

Corollary

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 where H is a finite dimensional
(co)semisimple Hopf algebra. Then there exists a maximal
semisimple subalgebra B in L such that L = B @ R (direct sum
of H-submodules).

Corollary

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0, graded by an arbitrary group
G.
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Invariant Levi theorems

Corollary

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 where H is a finite dimensional
(co)semisimple Hopf algebra. Then there exists a maximal
semisimple subalgebra B in L such that L = B @ R (direct sum
of H-submodules).

Corollary

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0, graded by an arbitrary group
G. Then there exists a maximal semisimple subalgebra B in L
such that L = B @® R (direct sum of graded subspaces).
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Invariant Levi theorems

Corollary

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0
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Invariant Levi theorems

Corollary

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F.
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Invariant Levi theorems

Corollary

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F. Suppose L is endowed with a rational
action of G by automorphisms.
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Invariant Levi theorems

Corollary

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F. Suppose L is endowed with a rational
action of G by automorphisms. Then there exists a maximal
semisimple subalgebra B in L such that L = B ® R (direct sum
of G-invariant subspaces).
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Example of an algebra without an H-invariant Levi
decomposition

SN0

‘07 ) ‘ Ceslpn(F),De Mm(F)} C slam(F),

-

m> 2.
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Example of an algebra without an H-invariant Levi
decomposition

0 O

m > 2. Then
0 D
R_{<O 0>‘D6Mm(F)}

is the solvable (and nilpotent) radical of L.

Let L — {( ¢ D ) ‘ C € sim(F),D € Mm(F)} C slom(F),

20/78
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Example of an algebra without an H-invariant Levi
decomposition

Consider ¢ € Aut(L) where

*(50)=(5%")

21/78
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Example of an algebra without an H-invariant Levi
decomposition

Consider ¢ € Aut(L) where
Cc by (C C+D
oo/ \o o )

Then L is a G-algebra and an FG-module algebra where
G=(p) 2Z

21/78
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Example of an algebra without an H-invariant Levi
decomposition

Consider ¢ € Aut(L) where
c Dy (C C+D
oo/ \o o )
Then L is a G-algebra and an FG-module algebra where
G = (p) = Z. However there is no FG-invariant semisimple

subalgebra B such that L = B @ R (direct sum of
FG-submodules).
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Example of an algebra without an H-invariant Levi
decomposition

Consider now the adjoint action of

L= {( g g ) ‘ C e slm(F),D e Mm(F)} C slom(F), m > 2,

on itself.

22/78
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Example of an algebra without an H-invariant Levi
decomposition

Consider now the adjoint action of

L= {( g g ) ‘ Ceslp(F),D e Mm(F)} Cslopm(F), m> 2,
on itself.

Then L is a U(L)-module algebra.

22/78
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Example of an algebra without an H-invariant Levi
decomposition

Consider now the adjoint action of

L= {( g g ) ‘ Cesly(F),De Mm(F)} Cslom(F), m> 2,
on itself.

Then L is a U(L)-module algebra.

However there is no U(L)-invariant semisimple subalgebra B
such that L = B R (direct sum of U(L)-submodules)
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Example of an algebra without an H-invariant Levi
decomposition

Consider now the adjoint action of

L= {( g g ) ‘ Cesly(F),De Mm(F)} Cslopm(F), m> 2,
on itself.

Then L is a U(L)-module algebra.

However there is no U(L)-invariant semisimple subalgebra B
such that L = B® R (direct sum of U(L)-submodules) since and
all U(L)-submodules of L are ideals
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Example of an algebra without an H-invariant Levi
decomposition

Consider now the adjoint action of

L= {( g g ) ‘ Cesly(F),De Mm(F)} Cslom(F), m> 2,
on itself.

Then L is a U(L)-module algebra.

However there is no U(L)-invariant semisimple subalgebra B
such that L = B® R (direct sum of U(L)-submodules) since and
all U(L)-submodules of L are ideals and R is not a center of L.
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Cohomologies of Lie algebras

Let¢: L — gl(V) be a representation of a Lie algebra L on
some vector space V over a field F.
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Cohomologies of Lie algebras

Let¢: L — gl(V) be a representation of a Lie algebra L on
some vector space V over a field F.

Denote by C¥(L; V) C Homg(L®X; V), k € N, the subspace of
all alternating multilinear maps, C°(L; V) := V
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Cohomologies of Lie algebras

Let¢: L — gl(V) be a representation of a Lie algebra L on
some vector space V over a field F.

Denote by C¥(L; V) C Homg(L®X; V), k € N, the subspace of
all alternating multilinear maps, C°(L; V) := V.

Recall that the elements of CX(L; V) are called k-cochains with
coefficients in V.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 23/78



H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal’'cev and Levi theorems
Stability of radicals

Other invariant decompositions

Cohomologies of Lie algebras

The coboundary operators 9: C*(L; V) — CK+1(L; V) are
defined on these spaces in such a way that 9% = 0.
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Cohomologies of Lie algebras

The coboundary operators 9: C*(L; V) — CK+1(L; V) are
defined on these spaces in such a way that 9% = 0.
(Ov)(x) = ¥(x)vif v e COL; V),
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Cohomologies of Lie algebras

The coboundary operators 9: C*(L; V) — CK+1(L; V) are
defined on these spaces in such a way that 9% = 0.
(Ov)(x) = ¥(x)vif v e COL; V),

K1
()Xt Xks1) = D (=100 w(Xt, o, Kiy o Xk )+
i=
E(—1 )Y (X, X1 Xt o Kooy Ky e vy Xka1)

i<j

for w € CX(L; V), k € N.
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Cohomologies of Lie algebras

The elements of the subspace
ZK(L;¢) := ker(d: CK(L; V) — C*Y(L; V)) € CK(L; V)

are called k-cocycles
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Cohomologies of Lie algebras

The elements of the subspace
ZK(L;¢) := ker(d: CK(L; V) — C*Y(L; V)) € CK(L; V)
are called k-cocycles and the elements of the subspace
BY(L;4) = a(C* (L V) € CH(L V)

are called k-coboundaries.
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Cohomologies of Lie algebras

The elements of the subspace
ZK(L;¢) := ker(d: CK(L; V) — C*Y(L; V)) € CK(L; V)
are called k-cocycles and the elements of the subspace
BY(L;4) = a(C* (L V) € CH(L V)
are called k-coboundaries.

The space HX(L; ¢) := ZK(L;)/B¥(L; ) is called the kth
cohomology group.
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(H, L)-modules

Suppose L is an H-comodule algebra for some Hopf algebra H.
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(H, L)-modules

Suppose L is an H-comodule algebra for some Hopf algebra H.
Consider a representation ¢: L — gl( V).
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(H, L)-modules

Suppose L is an H-comodule algebra for some Hopf algebra H.
Consider a representation ¢: L — gl( V).

We say that (V, ) is an (H, L)-module if V is an H-comodule
and

pv(LZJ(a)V) = w(a(o))v(o) @ ayV) forallael, veV

where py: V — V ® H is the comodule map.
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H-colinear cohomologies of Lie algebras

Denote by C¥(L; V) the subspace of H-colinear cochains, i.e.
such maps w € CK(L; V) that

pv(w(a, e, ..., ak)) = w(@io), ) - - » 8k(0))Da1(1)82(1) - - - k(1)

for all g; € L.
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H-colinear cohomologies of Lie algebras

Denote by C¥(L; V) the subspace of H-colinear cochains, i.e.
such maps w € CK(L; V) that

pv(w(a, e, ..., ak)) = w(@io), ) - - » 8k(0))Da1(1)82(1) - - - k(1)

for all g; € L.

If (V,%)is an (H, L)-module and H is commutative, then,
clearly, the coboundary of an H-colinear cochain is again an
H-colinear cochain.
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Symmetric (H, L)-modules

However, for 1-cochains and a symmetric (H, L)-module (V)
this is true even if H is not commutative.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 28/78



H-(co)module algebras

Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals

Other invariant decompositions

Invariant decompositions

Symmetric (H, L)-modules

However, for 1-cochains and a symmetric (H, L)-module (V)
this is true even if H is not commutative.
We say that (V, ) is a symmetric (H, L)-module if

pv(¥(a)v) = ¥(a)) o) ® amViry = ¥(a0y)v0) ® V(1)ag)

forallae L, ve V.
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Symmetric (H, L)-modules

However, for 1-cochains and a symmetric (H, L)-module (V)
this is true even if H is not commutative.
We say that (V, ) is a symmetric (H, L)-module if

pv(¥(a)v) = ¥(a)) o) ® amViry = ¥(a0y)v0) ® V(1)ag)

forallae L, ve V.

If L is an H-comodule Lie algebra, then the adjoint
representation ad: L — gl(L) defines on L the structure of a

symmetric (H, L)-module.
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H-colinear cohomologies of Lie algebras

If(V,) is a symmetric (H, L)-module, then
o(C(L; V) C C?(L; V).
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H-colinear cohomologies of Lie algebras

If(V,) is a symmetric (H, L)-module, then
o(C(L; V) C C?(L; V).

Let Z2(L; ¢) := Z2(L;¢) n C3(L; V) and
B2(L; ) := a(C'(L; V).
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H-colinear cohomologies of Lie algebras

If(V,) is a symmetric (H, L)-module, then
o(C(L; V) C C?(L; V).

Let Z2(L; ¢) := Z2(L;¢) n C3(L; V) and

B2(L;¢) := 9(C'(L; V)).

The lemma above enables us to define the second H-colinear
cohomology group H?(L; v) := Z2(L; )/ B3(L; ).
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Maschke’s trick for cosemisimple Hopf algebras

Lemma

Letr: V — W be a linear map where V .and W are
H-comodules for a Hopf algebra H. Let t € H* be a left integral
on H.
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Maschke’s trick for cosemisimple Hopf algebras

Lemma

Letr: V — W be a linear map where V .and W are
H-comodules for a Hopf algebra H. Let t € H* be a left integral
onH. Thenr: V — W where

?(X) = t(r(X(o))(1)S(X(1)))I’(X(o))(o) forx e V,

is an H-colinear map.
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Maschke’s trick for cosemisimple Hopf algebras

Lemma

Letr: V — W be a linear map where V .and W are
H-comodules for a Hopf algebra H. Let t € H* be a left integral
onH. Thenr: V — W where

?(X) = t(r(X(o))(1)S(X(1)))I’(X(o))(o) forx e V,

is an H-colinear map. If, in addition, = o r = idy for some
H-colinear map n: W — V and t(1) =1, thenw o F = idy too.
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Maschke’s trick for cosemisimple Hopf algebras

If G is an arbitrary group and H = FG, then V = @5 V9
and W = @, g W'9 are graded spaces.
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Maschke’s trick for cosemisimple Hopf algebras

Remark
If G is an arbitrary group and H = FG, then V = @5 V9
and W = @, g W'9 are graded spaces.

0 if 1,
Supposel‘(g):{1 i gi1
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Maschke’s trick for cosemisimple Hopf algebras

Remark
If G is an arbitrary group and H = FG, then V = @5 V9
and W = @, g W'9 are graded spaces.

0 if 1,
Supposel‘(g):{1 i gi1

Then 7(x) =3 gcqPw.g r(PvgX) for x € V and this is a graded
map.
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Maschke’s trick for cosemisimple Hopf algebras

Remark

If G is an arbitrary group and H = FG, then V = @5 V9
and W = @, g W'9 are graded spaces.

_Jo it g#1,
Suppose t(9) —{ 1 ff g1
Then 7(x) =3 gcqPw.g r(PvgX) for x € V and this is a graded
map.
Here py g4 is the projection of V on V{9 along @peg VM and
hg
pw g is the projection of W on W(9) along @peg W.
h#g
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H-colinear cohomologies of Lie algebras

Lemma

Let (V,4) be a finite dimensional symmetric (H, L)-module
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H-colinear cohomologies of Lie algebras

Lemma

Let (V,4) be a finite dimensional symmetric (H, L)-module
where L is a finite dimensional H-comodule semisimple Lie
algebra over a field F of characteristic 0
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H-colinear cohomologies of Lie algebras

Lemma

Let (V,4) be a finite dimensional symmetric (H, L)-module
where L is a finite dimensional H-comodule semisimple Lie
algebra over a field F of characteristic 0 and H is a Hopf
algebra with an ad-invariant left integral t € H*, t(1) = 1.
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H-colinear cohomologies of Lie algebras

Let (V,1) be a finite dimensional symmetric (H, L)-module
where L is a finite dimensional H-comodule semisimple Lie
algebra over a field F of characteristic 0 and H is a Hopf
algebra with an ad-invariant left integral t € H*, {(1) = 1. Then
H2(L; ) = 0.
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Background

An important condition in the invariant Levi and Wedderburn —
Mal’cev theorems is the stability of the radicals.
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Invariant decompositions

Background

An important condition in the invariant Levi and Wedderburn —
Mal’cev theorems is the stability of the radicals.

In the case of G-algebras the stability is clear since the radicals
are invariant under automorphisms and anti-automorphisms.

Alexey Gordienko
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Background

An important condition in the invariant Levi and Wedderburn —
Mal’cev theorems is the stability of the radicals.

In the case of G-algebras the stability is clear since the radicals
are invariant under automorphisms and anti-automorphisms.

In 1984 M. Cohen and S. Montgomery proved that the
Jacobson radical of a G-graded associative algebra is graded if
|G|~ belongs to the base field.
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Background

In 2001 V. Linchenko proved the stability of the Jacobson
radical of a finite dimensional H-module associative algebra
over a field of characteristic 0 for a finite dimensional
semisimple Hopf algebra H.
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Background

In 2001 V. Linchenko proved the stability of the Jacobson
radical of a finite dimensional H-module associative algebra
over a field of characteristic 0 for a finite dimensional
semisimple Hopf algebra H.

This result was later generalized by V. Linchenko,

S. Montgomery and L.W. Small.
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Background

In 2001 V. Linchenko proved the stability of the Jacobson
radical of a finite dimensional H-module associative algebra
over a field of characteristic 0 for a finite dimensional
semisimple Hopf algebra H.

This result was later generalized by V. Linchenko,

S. Montgomery and L.W. Small.

In 2011 D. Pagon, D. Repovs, and M.V. Zaicev proved that the
solvable radical of a finite dimensional Lie algebra over an
algebraically closed field of characteristic 0, graded by any
group, is graded.
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Stability of radicals

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0
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Stability of radicals

Theorem

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 and H be a finite dimensional
(co)semisimple Hopf algebra.
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Stability of radicals

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 and H be a finite dimensional
(co)semisimple Hopf algebra. Then the solvable and the
nilpotent radicals R and N of L are H-invariant.
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Stability of radicals

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 and H be a finite dimensional
(co)semisimple Hopf algebra. Then the solvable and the
nilpotent radicals R and N of L are H-invariant.

If Ais a finite dimensional associative algebra over a field F of
characteristic 0, then J(A) is invariant under all derivations of A
(see e.g. J. Dixmier’'s book).

Alexey Gordienko Invariant decompositions of H-(co)module algebras 35/78



H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Stability of radicals

Let L be a finite dimensional H-module Lie algebra over a field
F of characteristic 0 and H be a finite dimensional
(co)semisimple Hopf algebra. Then the solvable and the
nilpotent radicals R and N of L are H-invariant.

If Ais a finite dimensional associative algebra over a field F of
characteristic 0, then J(A) is invariant under all derivations of A
(see e.g. J. Dixmier’'s book).

If L is a finite dimensional Lie algebra over a field F of
characteristic 0, then N and R are invariant under all
derivations of L (see e.g. N. Jacobson’s book).
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Example of an algebra with a non-stable radical

Let H= (1, g, x, gx)r be the 4-dimensional Sweedler’s Hopf
algebra over a field F of characteristic 0.
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Example of an algebra with a non-stable radical

Let H= (1, g, x, gx)r be the 4-dimensional Sweedler’s Hopf
algebra over a field F of characteristic 0. Here g = 1, x2 = 0,
Xg=-9x,A(9)=9g®g, A(X)=gx+x®1,¢(9) =1,
e(x) =0, S(g) = g, S(x) = —gx.
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Example of an algebra with a non-stable radical

Let H= (1, g, x, gx)r be the 4-dimensional Sweedler’s Hopf
algebra over a field F of characteristic 0. Here g = 1, x2 = 0,
Xg=-9x,A(9)=9g®g, A(X)=gx+x®1,¢(9) =1,
e(x) =0, S(g) = g, S(x) = —gx. Note that

J(H) = (x,gx)F # 0, i.e. His not semisimple. Let V be a
three-dimensional vector space. Fix some linear isomorphism
p:slo(F) — V.
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Example of an algebra with a non-stable radical

Let H= (1, g, x, gx)r be the 4-dimensional Sweedler’s Hopf
algebra over a field F of characteristic 0. Here g = 1, x2 = 0,
Xg=-9x,A(9)=9g®g, A(X)=gx+x®1,¢(9) =1,
e(x) =0, S(g) = g, S(x) = —gx. Note that

J(H) = (x,gx)F # 0, i.e. His not semisimple. Let V be a
three-dimensional vector space. Fix some linear isomorphism
¢: slo(F) — V. Consider the Lie algebra L = sly(F) ¢ V with
the Lie commutator

[a+p(b), c+p(U)] = [a, c]+¢([a, u]+[b, c]) where a, b, c, u € sla(F),

i.e. Vis an Abelian ideal of L that coincides with the solvable
and the nilpotent radicals of L.
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Example of an algebra with a non-stable radical

Let H= (1, g, x, gx)r be the 4-dimensional Sweedler’s Hopf
algebra over a field F of characteristic 0. Here g = 1, x2 = 0,
Xg=-9x,A(9)=9g®g, A(X)=gx+x®1,¢(9) =1,
e(x) =0, S(g) = g, S(x) = —gx. Note that

J(H) = (x,gx)F # 0, i.e. His not semisimple. Let V be a
three-dimensional vector space. Fix some linear isomorphism
¢: slo(F) — V. Consider the Lie algebra L = sly(F) ¢ V with
the Lie commutator

[a+p(b), c+p(U)] = [a, c]+¢([a, u]+[b, c]) where a, b, c, u € sla(F),

i.e. Vis an Abelian ideal of L that coincides with the solvable
and the nilpotent radicals of L. Define g(a+ ¢(b)) = a — ¢(b)
and x(a+ ¢(b)) = bwhere a,b € sly(F). Then Lis an
H-module Lie algebra, however V is not H-invariant.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 36/78



H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

H-(co)invariant decompositions of semisimple

algebras

Theorem

Let B be a finite dimensional semisimple H-module Lie algebra
over a field of characteristic 0 where H is an arbitrary Hopf
algebra.
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H-(co)invariant decompositions of semisimple

algebras

Theorem

Let B be a finite dimensional semisimple H-module Lie algebra
over a field of characteristic 0 where H is an arbitrary Hopf
algebra. Then B= By ® B> ® ... ® Bs (direct sum of ideals and
H-submodules) for some H-simple subalgebras B;.

Theorem

Let B be a finite dimensional semisimple H-comodule Lie
algebra over a field of characteristic 0 where H is an arbitrary
Hopf algebra.
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H-(co)invariant decompositions of semisimple

algebras

Theorem

Let B be a finite dimensional semisimple H-module Lie algebra
over a field of characteristic 0 where H is an arbitrary Hopf
algebra. Then B= By ® B> ® ... ® Bs (direct sum of ideals and
H-submodules) for some H-simple subalgebras B;.

Theorem

Let B be a finite dimensional semisimple H-comodule Lie
algebra over a field of characteristic 0 where H is an arbitrary
Hopf algebra.Then B= By & B> & ... ® Bs (direct sum of ideals
and H-subcomodules) for some H-simple subalgebras B;.
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H-coinvariant analog of the Weyl theorem

We say that an (H, L)-module (V, ) is irreducible if it has no
nontrivial L-submodules that are H-subcomodules at the same
time.
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H-coinvariant analog of the Weyl theorem

We say that an (H, L)-module (V, ) is irreducible if it has no
nontrivial L-submodules that are H-subcomodules at the same
time.

Theorem

Let L be an H-comodule Lie algebra over a field of
characteristic 0,
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H-coinvariant analog of the Weyl theorem

We say that an (H, L)-module (V, ) is irreducible if it has no
nontrivial L-submodules that are H-subcomodules at the same
time.

Theorem

Let L be an H-comodule Lie algebra over a field of
characteristic 0, let H be a Hopf algebra with an ad-invariant
integral t € H*, t(1) =1,
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H-coinvariant analog of the Weyl theorem

We say that an (H, L)-module (V, ) is irreducible if it has no
nontrivial L-submodules that are H-subcomodules at the same
time.

Theorem

Let L be an H-comodule Lie algebra over a field of
characteristic 0, let H be a Hopf algebra with an ad-invariant
integral t € H*, t(1) = 1, and let (V, ) be a finite dimensional
(H, L)-module completely reducible as an L-module
disregarding the H-coaction.
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H-coinvariant analog of the Weyl theorem

We say that an (H, L)-module (V, ) is irreducible if it has no
nontrivial L-submodules that are H-subcomodules at the same
time.

Theorem

Let L be an H-comodule Lie algebra over a field of
characteristic 0, let H be a Hopf algebra with an ad-invariant
integral t € H*, t(1) = 1, and let (V, ) be a finite dimensional
(H, L)-module completely reducible as an L-module
disregarding the H-coaction. ThenV = V; & Vo & ... & V; for
some irreducible (H, L)-submodules V.
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Graded analog of the Weyl theorem

Again, we have the variants of the theorem for H = FG and for
finite dimensional H.
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Graded analog of the Weyl theorem

Again, we have the variants of the theorem for H = FG and for
finite dimensional H.

Let G be a group, let L = @, L) be a graded Lie algebra,
and let V = @, V9 be a G-graded vector space.
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Graded analog of the Weyl theorem

Again, we have the variants of the theorem for H = FG and for
finite dimensional H.

Let G be a group, let L = @, L) be a graded Lie algebra,
and let V = @, V9 be a G-graded vector space. We say
that (V, ), where ¢: L — gl(V), is a graded L-module if
(@) e v forall g, h e G, al9 e L), v ¢ v,
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Graded analog of the Weyl theorem

Again, we have the variants of the theorem for H = FG and for
finite dimensional H.

Let G be a group, let L = @, L) be a graded Lie algebra,
and let V = @, V9 be a G-graded vector space. We say
that (V, ), where ¢: L — gl(V), is a graded L-module if
(a9 e v forall g, h e G, a9 e L), v ¢ v we
say that an graded L-module (V, ) is irreducible if it has no
nontrivial graded L-submodules.
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Graded analog of the Weyl theorem

Let L be a Lie algebra over a field of characteristic 0 graded by
any group,
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Graded analog of the Weyl theorem

Theorem

Let L be a Lie algebra over a field of characteristic 0 graded by
any group, and let (V) be a finite dimensional graded
L-module completely reducible as an L-module disregarding
the grading.
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Graded analog of the Weyl theorem

Theorem

Let L be a Lie algebra over a field of characteristic 0 graded by
any group, and let (V) be a finite dimensional graded
L-module completely reducible as an L-module disregarding
the grading. Then

V = V1@V2@...@ Vs

for some irreducible graded L-submodules V.
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H-invariant analog of the Weyl theorem

Let L be an H-module Lie algebra and V be an H-module for
some Hopf algebra H.
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H-invariant analog of the Weyl theorem

Let L be an H-module Lie algebra and V be an H-module for
some Hopf algebra H.We say that (V,v), where ¢: L — gl(V),
is a (H, L)-module it h(y)(a)v) = ¥ (hya)(hieyv) forall a € L,
heH,veV.
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H-invariant analog of the Weyl theorem

Let L be an H-module Lie algebra and V be an H-module for
some Hopf algebra H.We say that (V,v), where ¢: L — gl(V),
is a (H, L)-module it h(y)(a)v) = ¥ (hya)(hieyv) forall a € L,
he H, v e V. We say that an (H, L)-module (V, ) is
irreducible if it has no nontrivial L-submodules that are
H-submodules at the same time.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 41/78



H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals

Other invariant decompositions

H-invariant analog of the Weyl theorem

Let L be an H-(co)module Lie algebra over a field of
characteristic 0,
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H-invariant analog of the Weyl theorem

Theorem

Let L be an H-(co)module Lie algebra over a field of
characteristic 0, let H be a finite dimensional (co)semisimple
Hopf algebra,
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H-invariant analog of the Weyl theorem

Theorem

Let L be an H-(co)module Lie algebra over a field of
characteristic 0, let H be a finite dimensional (co)semisimple
Hopf algebra, and let (V1)) be a finite dimensional

(H, L)-module completely reducible as an L-module
disregarding the H-action.
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H-invariant analog of the Weyl theorem

Theorem

Let L be an H-(co)module Lie algebra over a field of
characteristic 0, let H be a finite dimensional (co)semisimple
Hopf algebra, and let (V1)) be a finite dimensional

(H, L)-module completely reducible as an L-module
disregarding the H-action. Then

V = V1@V2€B...@ Vs

for some irreducible (H, L)-submodules V.
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H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
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Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Let L be a Lie G-algebra and let V be an FG-module for some
group G.
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H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems

Stability of radicals
Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Let L be a Lie G-algebra and let V be an FG-module for some
group G. We say that (V,v), where ¢: L — gl(V), is a

(G, L)-module if g(v(a)v) = ¢(ga)(gv) forallac L, g € G,
velV.
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H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals

Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Let L be a Lie G-algebra and let V be an FG-module for some
group G. We say that (V,v), where ¢: L — gl(V), is a

(G, L)-module it g(v(a)v) = y(ga)(gv) forallac L, g € G,

v € V. We say that a (G, L)-module (V, ) is irreducible if it has
no nontrivial G-invariant L-submodules.
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H-(co)module algebras
Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals

Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0
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H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Theorem

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F.
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H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Theorem

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F.Suppose L is endowed with a rational
action of G by automorphisms.
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H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Theorem

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F.Suppose L is endowed with a rational
action of G by automorphisms.Let (V) be a finite
dimensional (G, L)-module with a rational G-action, completely
reducible as an L-module disregarding the G-action.
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H-(co)module algebras

Invariant decompositions Invariant Wedderburn — Mal'cev and Levi theorems
Stability of radicals
Other invariant decompositions

Analog of the Weyl theorem for G-algebras

Theorem

Let L be a finite dimensional Lie algebra over an algebraically
closed field F of characteristic 0 and let G be a reductive affine
algebraic group over F.Suppose L is endowed with a rational
action of G by automorphisms.Let (V) be a finite
dimensional (G, L)-module with a rational G-action, completely
reducible as an L-module disregarding the G-action. Then

V = V1@V2@...@ Vs

for some irreducible (G, L)-submodules V;.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Polynomial identities

\ algebras \ H\ polynomial identities \

[their codimensions |
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary polynomial identities

@ Let F be afield of characteristic 0.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary polynomial identities

@ Let F be afield of characteristic 0.

@ Let F (X) be the free associative algebra on the countable
set X = {x1, x2,...}, i.e. the algebra of polynomials without
constant term in the noncommuting variables X.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary polynomial identities

@ Let F be afield of characteristic 0.

@ Let F (X) be the free associative algebra on the countable
set X = {x1, x2,...}, i.e. the algebra of polynomials without
constant term in the noncommuting variables X.

@ Let Abe an associative F-algebra and
f=1Ff(xq,...,Xn) € F(X).
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary polynomial identities

@ Let F be afield of characteristic 0.

@ Let F (X) be the free associative algebra on the countable
set X = {x1, x2,...}, i.e. the algebra of polynomials without
constant term in the noncommuting variables X.

@ Let Abe an associative F-algebra and
f=1Ff(xq,...,Xn) € F(X).

@ We say that f is a polynomial identity of A if
f(ay,...,an)=0forall ay, ..., a, € A
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary polynomial identities

@ Let F be afield of characteristic 0.

@ Let F (X) be the free associative algebra on the countable
set X = {x1, x2,...}, i.e. the algebra of polynomials without
constant term in the noncommuting variables X.

@ Let Abe an associative F-algebra and
f=1Ff(xq,...,Xn) € F(X).

@ We say that f is a polynomial identity of A if
f(ay,...,an)=0forall ay, ..., a, € A

@ The set Id(A) of polynomial identities of A is a T-ideal of
F (X), i.e. ¥(Id(A)) C Id(A) for all ) € End(F(X)).
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary polynomial identities

@ Let F be afield of characteristic 0.

@ Let F (X) be the free associative algebra on the countable
set X = {x1, x2,...}, i.e. the algebra of polynomials without
constant term in the noncommuting variables X.

@ Let Abe an associative F-algebra and
f=1f(x1,...,xn) € F(X).

@ We say that f is a polynomial identity of A if
f(ay,...,an)=0forall ay, ..., a, € A

@ The set Id(A) of polynomial identities of A is a T-ideal of
F (X), i.e. ¥(Id(A)) C Id(A) for all ) € End(F(X)).

@ E.g, [x,y] = xy — yx = 0 is a polynomial identity for all
commutative algebras.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary codimensions

@ Let P, be the space of multilinear polynomials in the
noncommuting variables x1, Xo, ..., Xn.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary codimensions

@ Let P, be the space of multilinear polynomials in the
noncommuting variables x1, Xo, ..., Xn.

@ The non-negative integer cy(A) = dim 547 mld(A) is called the
nth codimension of the algebra A.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Ordinary codimensions

@ Let P, be the space of multilinear polynomials in the
noncommuting variables x1, Xo, ..., Xn.

@ The non-negative integer cy(A) = dim 547 mld(A) is called the
nth codimension of the algebra A.
@ Analogously for polynomial identities of Lie algebras.

Instead of associative polynomials we use Lie polynomials.

47/78
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Polynomial G-identities

Analogously for graded, G- and H-identities.

Let Mx(F) be the algebra of 2 x 2 matrices.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Polynomial G-identities

Analogously for graded, G- and H-identities.

Example

Let Mx(F) be the algebra of 2 x 2 matrices. Consider
¥ € Aut(Mx(F)) defined by the formula

(25)=(27%).
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Polynomial G-identities

Analogously for graded, G- and H-identities.

Example

Let Mx(F) be the algebra of 2 x 2 matrices. Consider
¥ € Aut(Mx(F)) defined by the formula

(25)=(27%).

Then [x + x¥, y + y¥] € Id%(My(F)) where G = (1)) = Z,.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Polynomial G-identities

Analogously for graded, G- and H-identities.

Example

Let Mx(F) be the algebra of 2 x 2 matrices. Consider
¥ € Aut(Mx(F)) defined by the formula

a b\’ . a —-b

c d ~\-c d /)’
Then [x + x¥, y + y¥] € Id8(My(F)) where G = () = Z,. Here
[x, y] :== xy — yx.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Polynomial G-identities

Consider ¢ € Aut*(Mx(F)) defined by the formula

(25)=(335)

i.e. ¢ is the transposition.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Polynomial G-identities

Example
Consider ¢ € Aut*(Mx(F)) defined by the formula

a b\’ _(ac

c d \b d )’
i.e. ¢ is the transposition. Then [x — x¥,y — y¥] € Id%(Ma(F))
where G = (¢) = Zo.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Graded polynomial identities

Consider L — {< g[zéF) OF) )} C gly(F)

alo(
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Graded polynomial identities

Consider L = {< 9l2(F) OF) )} C gl4(F) with the

0 gl
following grading by the third symmetric group Ss:
a 0 0 0 0 g 0O
0 500 ((12)) a 0 00
(&) — (12)) _
L= 0 0~ O L 0 00O ’
0 0 0 X 0 00O
0 00O
L((23)) _ 0 00O
0 0 0 A ’
0 0~ O
the other components are zero, o, 3,v, A € F.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Graded polynomial identities

Consider L = {< 9l2(F) OF) )} C gl4(F) with the

0 gl
following grading by the third symmetric group Ss:
a 0 0 O 0 500
0 g 0O ((12)) a 0 00
(e) — (12)) _
L= 0 0y O L 0 00O ’
0 0 0 X 0 00O
0 00O
L((23)): 0 00O
0 0 0 A ’
0 0~ O

the other components are zero, o, 8,v, A € F. Then
[x((12)), y(<23))} € 1d(L) and [x(@), y(@)] ¢ 1d=°(L).
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

There exists nli_}m /cn(A) € Zy.
(e 9]
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

There exists nli_}m /cn(A) € Zy.
(e 9]

Example (A. Regev)

nIi_)moo /cn(Mk(F)) = k? where M(F) is the algebra of k x k
matrices.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

S.A. Amitsur’s conjecture

@ |.B. Volichenko gave an example of an infinite dimensional
Lie algebra L with a nontrivial polynomial identity for which
the growth of codimensions c¢,(L) of ordinary polynomial
identities is overexponential.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

S.A. Amitsur’s conjecture

@ |.B. Volichenko gave an example of an infinite dimensional
Lie algebra L with a nontrivial polynomial identity for which
the growth of codimensions c¢,(L) of ordinary polynomial
identities is overexponential.

@ M.V. Zaicev and S.P. Mishchenko gave an example of an

infinite dimensional Lie algebra L with a nontrivial
polynomial identity such that there exists fractional

Plexp(L) := nIi_}moo /cn(L).

52/78
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

S.A. Amitsur’s conjecture was proved

@ in 1999 by A. Giambruno and M.V. Zaicev for
codimensions of associative algebras;
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

S.A. Amitsur’s conjecture was proved
@ in 1999 by A. Giambruno and M.V. Zaicev for
codimensions of associative algebras;

@ in 2002 by M.V. Zaicev for codimensions of finite
dimensional Lie algebras;
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

S.A. Amitsur’s conjecture was proved

@ in 1999 by A. Giambruno and M.V. Zaicev for
codimensions of associative algebras;

@ in 2002 by M.V. Zaicev for codimensions of finite
dimensional Lie algebras;

@ in 2010-2011 by E. Aljadeff, A. Giambruno, and
D. La Mattina for codimensions of graded identities for all
associative Pl-algebras graded by a finite group;
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

@ as a consequence, they proved the analog of the
conjecture for G-codimensions for any associative
Pl-algebra with an action of a finite Abelian group G by
automorphisms;
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

S.A. Amitsur’s conjecture

@ as a consequence, they proved the analog of the
conjecture for G-codimensions for any associative
Pl-algebra with an action of a finite Abelian group G by
automorphisms;

@ the case when G = Z, acts on a finite dimensional
associative algebra by automorphisms and
anti-automorphisms (i.e. polynomial identities with
involution) was considered by A. Giambruno and
M.V. Zaicev in 1999.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for associative algebras

Let A be a finite dimensional non-nilpotent associative algebra
over a field F of characteristic 0.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for associative algebras

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
over a field F of characteristic 0. Suppose a finite not
necessarily Abelian group G acts on A by automorphisms and
anti-automorphisms.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for associative algebras

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
over a field F of characteristic 0. Suppose a finite not
necessarily Abelian group G acts on A by automorphisms and
anti-automorphisms. Then there exist constants Cy, Co > 0,
ri,r € R, d € N such that Cyn"d" < cS(A) < Con'2d" for all
neN.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for associative algebras

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
over a field F of characteristic 0. Suppose a finite not
necessarily Abelian group G acts on A by automorphisms and
anti-automorphisms. Then there exist constants Cy, Co > 0,
ri,r € R, d € N such that Cyn"d" < cS(A) < Con'2d" for all
neN.

Theorem

Let A be a finite dimensional non-nilpotent H-module
associative algebra over a field F of characteristic 0, where H is
a finite dimensional semisimple Hopf algebra.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for associative algebras

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
over a field F of characteristic 0. Suppose a finite not
necessarily Abelian group G acts on A by automorphisms and
anti-automorphisms. Then there exist constants Cy, Co > 0,
ri,r € R, d € N such that Cyn"d" < cS(A) < Con'2d" for all
neN.

Theorem

Let A be a finite dimensional non-nilpotent H-module
associative algebra over a field F of characteristic 0, where H is
a finite dimensional semisimple Hopf algebra. Then there exist
constants Cy,C> > 0, ry, o € R, d € N such that

Cin"d" < cll(A) < Can'2d" for all n € N.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Generalized Hopf action

Let H be an associative algebra with 1.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Generalized Hopf action

Let H be an associative algebra with 1. We say that an
associative algebra A is an algebra with a generalized H-action
if Ais endowed with a homomorphism H — Endg(A) and for
every h € H there exist hj, h/, b/, i/ € H such that

h(ab) =" ((ha)(h/b) + (h!"b)(h" a)) for all a,b € A.

i
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Generalized Hopf action

Theorem

Let A be a finite dimensional non-nilpotent associative algebra

with a generalized H-action over an algebraically closed field F
of characteristic 0.

Alexey Gordienko

Invariant decompositions of H-(co)module algebras 57/78



Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Generalized Hopf action

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
with a generalized H-action over an algebraically closed field F
of characteristic 0. Here H is a finite dimensional associative
algebra with 1 acting on A in such a way that the Jacobson
radical J := J(A) is H-invariant and A = B & J (direct sum of
H-submodules) where B = B @ ... @ By (direct sum of
H-invariant ideals), B; are H-simple semisimple algebras.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Generalized Hopf action

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
with a generalized H-action over an algebraically closed field F
of characteristic 0. Here H is a finite dimensional associative
algebra with 1 acting on A in such a way that the Jacobson
radical J := J(A) is H-invariant and A = B & J (direct sum of
H-submodules) where B = B @ ... @ By (direct sum of
H-invariant ideals), B; are H-simple semisimple algebras. Then
there exist constants C1,Co > 0, ry,r» € R, d € N such that
Cin"d" < cl(A) < Con2d" for all n € N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Generalized Hopf action

Theorem

Let A be a finite dimensional non-nilpotent associative algebra
with a generalized H-action over an algebraically closed field F
of characteristic 0. Here H is a finite dimensional associative
algebra with 1 acting on A in such a way that the Jacobson
radical J := J(A) is H-invariant and A = B & J (direct sum of
H-submodules) where B = B @ ... @ By (direct sum of
H-invariant ideals), B; are H-simple semisimple algebras. Then
there exist constants C1,Co > 0, ry,r» € R, d € N such that
Cin"d" < cl(A) < Con2d" for all n € N.

In fact, d = Plexp'(A) = max(dim(B;, ® B, ©®...® B;) |
B,'1JB,'2J...JB,'r #01<ik<qg1<k<r 0<r<aq).
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Examples

Example

Let A= By © B> @ ... D By be an algebra with a generalized
H-action, where B; are finite dimensional H-simple semisimple

algebras and H is a finite dimensional associative algebra
with 1.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Examples

Example

Let A= By © B> @ ... D By be an algebra with a generalized
H-action, where B; are finite dimensional H-simple semisimple
algebras and H is a finite dimensional associative algebra

with 1. Let d := maxq<x<qdim B.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Examples

Example

Let A= By © B> @ ... D By be an algebra with a generalized
H-action, where B; are finite dimensional H-simple semisimple
algebras and H is a finite dimensional associative algebra

with 1. Let d := maxy<kx<qdim Bi. Then there exist Cy, C> > 0,
ri, r» € R such that

Cin"d" < cl(A) < Con2d" forall n e N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= B; @ B> @ ... D By be a semisimple algebra graded by
a finite group, where B; are finite dimensional graded simple
algebras.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= B; @ B> @ ... D By be a semisimple algebra graded by
a finite group, where B; are finite dimensional graded simple
algebras. Let d := maxy<<qdim Bx.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Let A= B; @ B> @ ... D By be a semisimple algebra graded by
a finite group, where B; are finite dimensional graded simple
algebras. Let d := maxj<k<qdim By. Then there exist

Cy,C> >0, ry,r> € R such that Cyn"d" < c5 (A) < Con"2d" for
all ne N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= B; @ B> @ ... D By be a semisimple algebra graded by
a finite group, where B; are finite dimensional graded simple
algebras. Let d := maxj<k<qdim By. Then there exist

Cy,C> >0, ry,r> € R such that Cyn"d" < c5 (A) < Con"2d" for
all ne N.

Example

Let A= B; ®B>®...® By be a semisimple G-algebra where B;
are finite dimensional G-simple algebras.
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Example

Let A= B; @ B> @ ... D By be a semisimple algebra graded by
a finite group, where B; are finite dimensional graded simple
algebras. Let d := maxj<k<qdim By. Then there exist

Cy,C> >0, ry,r> € R such that Cyn"d" < c5 (A) < Con"2d" for
all ne N.

Example

Let A= B; ®B>®...® By be a semisimple G-algebra where B;
are finite dimensional G-simple algebras.Let

d := maxq<x<q dim B.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= B; @ B> @ ... D By be a semisimple algebra graded by
a finite group, where B; are finite dimensional graded simple
algebras. Let d := maxj<k<qdim By. Then there exist

Cy,C> >0, ry,r> € R such that Cyn"d" < c5 (A) < Con"2d" for
all ne N.

Example

Let A= B; ®B>®...® By be a semisimple G-algebra where B;
are finite dimensional G-simple algebras.Let

d := maxy<x<qdim Bk. Then there exist C1,C> > 0, ry, o € R
such that C;n"d" < c9(A) < Con2d" for all n € N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Let G = S3 and A = Mx(F) @ My(F). Consider the following
G-grading on A:

w={(5 5 ) e{(5 2}
ale) {(0 s ) oo A —0a{( D 5]},

the other components are zero. Then there exist Cq, C> > 0,
ri, r» € R such that

Cin"14" < ci'(A) < Con4" for all n € N.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 60/78



Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Let A= FG where G is a finite group. Consider the natural
G-grading A = @, 5 A9 where A9 = Fg. Then there exist
C1,Co > 0, ry, > € R such that

Cin"|G|" < &' (A) < Con?|G|" for all n e N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Let A= Fey @ ...® Fep (direct sum of ideals) where e,-2 =g,
m e N.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Examples

Example

Let A= Fey @ ...® Fep (direct sum of ideals) where e,-2 =g,
m € N. Suppose G C Sp acts on A by the formula oe; := e,;),

oe G.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Examples

Example

Let A= Fey @ ...® Fep (direct sum of ideals) where e,-2 =g,
m € N. Suppose G C Sp acts on A by the formula oe; := e,;),
o€ G. Let{1,2,....,m} =[[7_, O; where O; are orbits of the
G-actionon {1,2,...,m}.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Examples

Example

Let A= Fey @ ...® Fep (direct sum of ideals) where e,-2 =g,
m € N. Suppose G C Sp acts on A by the formula oe; := e,;),
o€ G. Let{1,2,....,m} =[[7_, O; where O; are orbits of the
G-actionon {1,2,...,m}. Let d := maxyj<q|Oj|. Then there
exist C1,Co > 0, ry, 1> € R such that

Cin"d" < c9(A) < Con2d" forall n e N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),
1<i<m,and k,me N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),

1 <i< m,and k,m € N. The group Aut*(Mk(F)) x Sy acts on
Ain the following way: if (¢, o) € Aut*(Mk(F)) x Sy and
(ai,...,am) € A, then

(()070-) . (a17 cey am) = (3571(1)7 . .,3571(”])).
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Example

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),

1 <i< m,and k,m € N. The group Aut*(Mk(F)) x Sy acts on
Ain the following way: if (¢, o) € Aut*(Mk(F)) x Sy and
(ai,...,am) € A, then

(()070-) . (a17 cey am) = (3571(1)7 . .,3571(”])).

Suppose G C Aut*(Mk(F)) x Sp is a subgroup.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),

1 <i< m,and k,m € N. The group Aut*(Mk(F)) x Sy acts on
Ain the following way: if (¢, o) € Aut*(Mk(F)) x Sy and
(ai,...,am) € A, then

(()070-) . (a17 cey am) = (3571(1)7 . .,3571(”])).

Suppose G C Aut*(Mk(F)) x Sy is a subgroup. Denote by
7 : Aut*(Mk(F)) x Sm — Sm the natural projection on the
second component.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),

1 <i< m,and k,m € N. The group Aut*(Mk(F)) x Sy acts on
Ain the following way: if (¢, o) € Aut*(Mk(F)) x Sy and
(ai,...,am) € A, then

(()070-) . (a17 cey am) = (3571(1)7 . .,3571(”])).

Suppose G C Aut*(Mk(F)) x Sy is a subgroup. Denote by

7 Aut*(Mk(F)) x Sm — Sm the natural projection on the
second component. Let {1,2,...,m} = [[7_, O; where O; are
orbits of the 7(G)-action on {1,2,..., m}.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),

1 <i< m,and k,m € N. The group Aut*(Mk(F)) x Sy acts on
Ain the following way: if (¢, o) € Aut*(Mk(F)) x Sy and
(ai,...,am) € A, then

(()070-) . (a17 cey am) = (3571(1)7 . .,3571(”])).

Suppose G C Aut*(Mk(F)) x Sy is a subgroup. Denote by

7 Aut*(Mk(F)) x Sm — Sm the natural projection on the
second component. Let {1,2,...,m} = [[7_, O; where O; are
orbits of the =(G)-action on {1,2,..., m}. Let

d:= k2 maXi<i<q |O,|
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A= A1 & ... ® An (direct sum of ideals), A; = Mk(F),

1 <i< m,and k,m € N. The group Aut*(Mk(F)) x Sy acts on
Ain the following way: if (¢, o) € Aut*(Mk(F)) x Sy and
(ai,...,am) € A, then

(()070-) . (a17 cey am) = (3571(1)7 . .,3571(”])).

Suppose G C Aut*(Mk(F)) x Sy is a subgroup. Denote by

7 Aut*(Mk(F)) x Sm — Sm the natural projection on the
second component. Let {1,2,...,m} = [[7_, O; where O; are
orbits of the =(G)-action on {1,2,..., m}. Let

d := k2 max<j<q|Oj|. Then there exist Cy,Co >0, ry, o € R
such that Cyn"d" < ¢S(A) < Con2d" for all n € N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Let A=A @...D An (direct sum of ideals) where A; = UT(F),
1 <i<m;k,meN;andUT,(F) is the associative algebra of
k x k upper-triangular matrices.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A=A @...D An (direct sum of ideals) where A; = UT(F),
1 <i<m;k,meN;andUT,(F) is the associative algebra of
k x k upper-triangular matrices. Suppose G C Sy, acts on Ain
the following way: if o € G and (ay, ..., am) € A, then

o - (81,.. .,am) = (3071(1),...,a071(m)).
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A=A @...D An (direct sum of ideals) where A; = UT(F),
1 <i<m;k,meN;andUT,(F) is the associative algebra of
k x k upper-triangular matrices. Suppose G C Sy, acts on Ain
the following way: if o € G and (ay, ..., am) € A, then

o - (81,.. .,am) = (3071(1),...,a071(m)).

Let {1,2,...,m} =[], O; where O; are orbits of the G-action
on{1,2,...,m}.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A=A @...D An (direct sum of ideals) where A; = UT(F),
1 <i<m;k,meN;andUT,(F) is the associative algebra of
k x k upper-triangular matrices. Suppose G C Sy, acts on Ain
the following way: if o € G and (ay, ..., am) € A, then

o - (81,.. .,am) = (3071(1),...,a071(m)).

Let {1,2,...,m} =[], O; where O; are orbits of the G-action
on{1,2,...,m}. Let d := k - maxq<j<s|Oj-
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Examples

Example

Let A=A @...D An (direct sum of ideals) where A; = UT(F),
1 <i<m;k,meN;andUT,(F) is the associative algebra of
k x k upper-triangular matrices. Suppose G C Sy, acts on Ain
the following way: if o € G and (ay, ..., am) € A, then

o - (81,.. .,am) = (3071(1),...,a071(m)).

Let {1,2,...,m} =[], O; where O; are orbits of the G-action
on{1,2,...,m}. Let d := k - maxy<j<s|Oj|. Then there exist
Ci,C5 >0, r1,r» € R such that

Cin"d" < cG(A) < Cond" forall n e N.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Sweedler’s algebra with the action of its dual

Let H be the 4-dimensional Sweedler’s Hopf algebra. Then H is
a left H*-module with the action defined by gh = g(h))h(1),
he H, g € H*. We prove
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Sweedler’s algebra with the action of its dual

Let H be the 4-dimensional Sweedler’s Hopf algebra. Then H is
a left H*-module with the action defined by gh = g(h))h(1),
he H, g € H*. We prove

Let F be a field of characteristic 0. There exist C > 0 andr € R
such that Cn"4" < cH*(H) < 4™ forall n € N.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for Lie algebras

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0, graded by an arbitrary group G.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for Lie algebras

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0, graded by an arbitrary group G. Then
there exist constants Cy,C> > 0, ry,r» € R, d € N such that
Cin"d" < ¢’ (L) < Con2d" forall n € N,
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for Lie algebras

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0, graded by an arbitrary group G. Then
there exist constants Cy,C> > 0, ry,r» € R, d € N such that
Cin"d" < ¢’ (L) < Con2d" forall n € N,

Theorem

Let L be a finite dimensional non-nilpotent Lie algebra over an
algebraically closed field F of characteristic 0.

Alexey Gordienko Invariant decompositions of H-(co)module algebras 66/78



Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for Lie algebras

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0, graded by an arbitrary group G. Then
there exist constants Cy,C> > 0, ry,r» € R, d € N such that
Cin"d" < ¢’ (L) < Con2d" forall n € N,

Theorem

Let L be a finite dimensional non-nilpotent Lie algebra over an
algebraically closed field F of characteristic 0. Suppose a
reductive affine algebraic group G acts on L rationally by
automorphisms and anti-automorphisms.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorems for Lie algebras

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0, graded by an arbitrary group G. Then
there exist constants Cy,C> > 0, ry,r» € R, d € N such that
Cin"d" < ¢’ (L) < Con2d" forall n € N,

Theorem

Let L be a finite dimensional non-nilpotent Lie algebra over an
algebraically closed field F of characteristic 0. Suppose a
reductive affine algebraic group G acts on L rationally by
automorphisms and anti-automorphisms. Then there exist
constants Cy,C> > 0, ry,> € R, d € N such that

Cin"d" < c8(L) < Con'2d" forall n € N.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for Lie algebras

In particular,

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for Lie algebras

In particular,

Theorem

Let L be a finite dimensional non-nilpotent Lie algebra over a

field F of characteristic 0. Suppose a finite group G acts on L
by automorphisms and anti-automorphisms.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for Lie algebras

In particular,

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0. Suppose a finite group G acts on L
by automorphisms and anti-automorphisms. Then there exist
constants C1,Co> > 0, i, € R, d € N such that

Cin"d" < c8(L) < Con'2d" forall n € N.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for Lie algebras

In particular,

Theorem

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0. Suppose a finite group G acts on L
by automorphisms and anti-automorphisms. Then there exist
constants C1,Co> > 0, i, € R, d € N such that

Cin"d" < c8(L) < Con'2d" forall n € N.

Theorem

Let L be a finite dimensional non-nilpotent H-module Lie
algebra over a field F of characteristic 0 where H is a finite
dimensional semisimple Hopf algebra.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Theorems for Lie algebras

In particular,

Theorem

Let L be a finite dimensional non-nilpotent Lie algebra over a
field F of characteristic 0. Suppose a finite group G acts on L
by automorphisms and anti-automorphisms. Then there exist
constants C1,Co> > 0, i, € R, d € N such that

Cin"d" < c8(L) < Con'2d" forall n € N.

Theorem

Let L be a finite dimensional non-nilpotent H-module Lie
algebra over a field F of characteristic 0 where H is a finite
dimensional semisimple Hopf algebra. Then there exist
constants Cy,C> > 0, ry, o € R, d € N such that

Cin"d" < (L) < Con2d" forall n € N.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

H-nice Lie algebras

Let L be a finite dimensional H-module Lie algebra where H is
a Hopf algebra over an algebraically closed field F of
characteristic 0.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

H-nice Lie algebras

Let L be a finite dimensional H-module Lie algebra where H is
a Hopf algebra over an algebraically closed field F of
characteristic 0. We say that L is H-nice if either L is
semisimple or the following conditions hold:

Invariant decompositions of H-(co)module algebras 68/78
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

H-nice Lie algebras

@ the nilpotent radical N and the solvable radical R of L are
H-invariant;
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

H-nice Lie algebras

@ the nilpotent radical N and the solvable radical R of L are
H-invariant;
@ (Levi decomposition) there exists an H-invariant maximal

semisimple subalgebra B C L such that L = B & R (direct
sum of H-modules);
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

H-nice Lie algebras

3 (Wedderburn — Mal’cev decompositions) for any
H-submodule W C L and associative H-module
subalgebra A; C Endg(W), the Jacobson radical J(A¢) is
H-invariant and there exists an H-invariant maximal
semisimple associative subalgebra A; C A, such that
A=A @ J(A1) (direct sum of H-submodules);
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

H-nice Lie algebras

3 (Wedderburn — Mal’cev decompositions) for any
H-submodule W C L and associative H-module
subalgebra A; C Endg(W), the Jacobson radical J(A¢) is
H-invariant and there exists an H-invariant maximal
semisimple associative subalgebra A; C A, such that
A=A @ J(A1) (direct sum of H-submodules);

4 for any H-invariant Lie subalgebra Ly C gl(L) such that L,
is an H-module algebra and L is a completely reducible
Ly-module disregarding H-action, L is a completely
reducible (H, Ly)-module.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

H-nice Lie algebras

Let L be an H-nice Lie algebra over an algebraically closed field
F of characteristic 0.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

H-nice Lie algebras

Let L be an H-nice Lie algebra over an algebraically closed field
F of characteristic 0. Then there exist constants Cy, Co> > 0,
ri,r € R, d € N such that Cyn"d" < cl(L) < Con2d" for all
neN.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

H-nice Lie algebras

Let L be an H-nice Lie algebra over an algebraically closed field
F of characteristic 0. Then there exist constants Cy, Co> > 0,
ri,r € R, d € N such that Cyn"d" < cl(L) < Con2d" for all
neN.

Theorem

LetL=Li&...® Ls (direct sum of H-invariant ideals) be an
H-module Lie algebra over an algebraically closed field F of
characteristic 0 where H is a Hopf algebra.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

H-nice Lie algebras

Let L be an H-nice Lie algebra over an algebraically closed field
F of characteristic 0. Then there exist constants Cy, Co> > 0,
ri,r € R, d € N such that Cyn"d" < cl(L) < Con2d" for all
neN.

Theorem

LetL=Li&...® Ls (direct sum of H-invariant ideals) be an
H-module Lie algebra over an algebraically closed field F of
characteristic 0 where H is a Hopf algebra. Suppose L; are
H-nice algebras. Then there exists

PlexpH(L) = maxy<jcs PlexpH(L)).
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Formula for the Hopf Pl-exponent

of Lie algebras

Suppose L is an H-nice Lie algebra.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Formula for the Hopf Pl-exponent

of Lie algebras

Suppose L is an H-nice Lie algebra.
Consider H-invariantideals Iy, b, ..., Iy, J1,do, ..., Jr, r € Z, of
the algebra L such that Jx C I, satisfying the conditions

@ /«/Jk is anirreducible (H, L)-module;
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Formula for the Hopf Pl-exponent

of Lie algebras

Suppose L is an H-nice Lie algebra.
Consider H-invariantideals Iy, b, ..., Iy, J1,do, ..., Jr, r € Z, of
the algebra L such that Jx C I, satisfying the conditions
@ /«/Jk is anirreducible (H, L)-module;
© for any H-invariant B-submodules Ty such that
Iy = Jk ® Tk, there exist numbers g; > 0 such that

([T, L. L, [To, Ly Ly [T Ly L] #0.
a1

92 ar
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Formula for the Hopf Pl-exponent

of Lie algebras

Let M be an L-module. Denote by Ann M its annihilator in L.
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Definitions, examples, conjecture

H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Formula for the Hopf Pl-exponent

of Lie algebras

Let M be an L-module. Denote by Ann M its annihilator in L. Let

_ L
d(L) := max (dlm Ann(ls /J1) m---mAnn(lr/Jr))

where the maximum is found among all r € Z and all i, ..., I,
Ji, ..., Jr satisfying Conditions 1-2.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Formula for the Hopf Pl-exponent

of Lie algebras

Let M be an L-module. Denote by Ann M its annihilator in L. Let

_ L
d(L) := max (dlm Ann(ls /J1) m---mAnn(lr/Jr))

where the maximum is found among all r € Z and all i, ..., I,
Ji, ..., Jr satisfying Conditions 1-2. Then that
PlexpH(L) = d(L).
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Let G= SS and L = 9[2(,:) @QIQ(F)
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Let G = S3 and L = gly(F) @ gls(F).Consider the following
G-grading on L:
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Let G = S3 and L = gly(F) @ gls(F).Consider the following
G-grading on L:

=105 5)ke{(s )}
02 {(8 6 Voo L@ -0a{( 5 )},

the other components are zero.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Let G = S3 and L = gly(F) @ gls(F).Consider the following
G-grading on L:

=105 5)ke{(s )}
02 {(8 6 Voo L@ -0a{( 5 )},

the other components are zero. Then there exist Cq, C> > 0,
ri, r» € R such that

Cin"3" < ¢ (L) < Con3" forall n € N.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Letme N, G C S, and O; be the orbits of G-action on
{1,2,....m} =117, O
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

Letme N, G C S, and O; be the orbits of G-action on
{1,2,...,m} =1I5_; O;. Denote d := maxy<j<s |Ojl.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Example

Letme N, G C S, and O; be the orbits of G-action on
{1,2,...,m} =1]5_; O;. Denote d := maxy<j<s|Oj|. Let L be
the Lie algebra over any field F of characteristic 0 with basis
at,...,am, by,..., by, dimL = 2m, and multiplication defined
by formulas [a;, a;] = [b;, bj] = 0 and

(b i i=]
[a"bf]_{ 0 if i)
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Example

Letme N, G C S, and O; be the orbits of G-action on
{1,2,...,m} =1]5_; O;. Denote d := maxy<j<s|Oj|. Let L be
the Lie algebra over any field F of characteristic 0 with basis
at,...,am, by,..., by, dimL = 2m, and multiplication defined
by formulas [a;, a;] = [b;, bj] = 0 and

L [ b it oi=]
[a”bf]_{ 0 if i)

Suppose G acts on L as follows: (a;)7 = a,(;y and (b;)7 = by(;
foro € G.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Example

Letme N, G C S, and O; be the orbits of G-action on
{1,2,...,m} =1]5_; O;. Denote d := maxy<j<s|Oj|. Let L be
the Lie algebra over any field F of characteristic 0 with basis
at,...,am, by,..., by, dimL = 2m, and multiplication defined
by formulas [a;, a;] = [b;, bj] = 0 and

L [ b it oi=]
Wm_{oniw.

Suppose G acts on L as follows: (a;)7 = a,(;y and (b;)7 = by(;
for o € G. Then there exist Cy, Co > 0 and rq, r> € R such that

Cyn"d" < c8(L) < Can2d".
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

In particular, if
G=(1)2Zy=2/(mZ)={0,1,...,m—1}
where 7 = (123 ... m) (a cycle), then

Cyn"'m" < c8(L) < Conzm”.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

In particular, if
G=(1)2Zy=2/(mZ)={0,1,...,m—1}
where 7 = (123 ... m) (a cycle), then

Cyn"'m" < c8(L) < Conzm”.

However, c,(L) = n—1forallne N.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

LetmeN, L= @ L% be the Z,-graded Lie algebra with
KEZm

L&) = (cz, di), dim LK) = 2, multiplication [c;, ¢;] = [d;, dj] = 0
and [¢;, d;] = dh; where F is any field of characteristic 0.
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Definitions, examples, conjecture
H-identities of associative algebras
Polynomial identities H-identities of Lie algebras

Criteria for H-simplicity

LetmeN, L= @ L% be the Z,-graded Lie algebra with
KEZm

L&) = (cz, di), dim LK) = 2, multiplication [c;, ¢;] = [d;, dj] = 0
and [¢;, d;] = di; where F is any field of characteristic 0. Then
there exist C1, C> > 0 and ry, r» € R such that

Cin"m" < ¢ (L) < Conm".
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Let L be an H-nice Lie algebra where H is a Hopf algebra over
F. Then Plexp'(L) = dim L if and only if L is semisimple and
H-simple.
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Definitions, examples, conjecture
H-identities of associative algebras

Polynomial identities H-identities of Lie algebras
Criteria for H-simplicity

Theorem

Let L be an H-nice Lie algebra where H is a Hopf algebra over
F. Then Plexp'(L) = dim L if and only if L is semisimple and
H-simple.

Theorem
Let L be a finite dimensional Lie algebra over F graded by an

arbitrary group. Then Plexp® (L) =dim L ifand only if L is a
graded simple algebra.
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