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coefficients in M is
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A 0,

the aforementioned cohomology is

H® (A, M) = H (Homaa(Pa, M), d%) .
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Cup product

- Let A, R be k-algebras, p: A — R algebra morphism.
p makes R an A-bimodule and the product of R factors through

v:R®s R — R.

- If P, is a projective resolution of A as A-bimodule,
the isomorphism A ~ A ®4 A lifts to w: Pe — (P @4 P)e

Definition
Let ¢ € Homaa(Pp, R), ¥ € Homaa(Pq, R). Their cup product ¢ U is
the (convolution) composition

Porg ——20 Py @aPq—2Y L R@R—Y R

Well-defined up to homotopy = well-defined in cohomology:

U: HP(A,R) ® HI(A,R) — HPTI(AR).
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The bar resolution of A is

b, b, b, b, L

-+ — B3(A) —— Ba(A) B1(A) Bo(A)
Bh(A)=AQA®"®@A, pu:A®A— Aisthe product,
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n+1
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i=0
Cup product:

U (1001Q- - -®0p14®1) = p(1011®- - -®ap®1) Y(1RAp41®- - -®Up1q®1).
Good: Suitable for every algebra.

Useful for general constructions and results.

Bad: It is infinite and its size grows exponentially.
Explicit calculations are extremely difficult.
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Graded commutativity

The algebra H*(A,R) is graded commutative if

pUY = (=P Up, YpeH(AR), ¢ €HIAR).

- H*(A,A) is always graded commutative (Gerstenhaber, 1963).

- H®(A,k) is graded commutative if A is a Hopf algebra (Farinati -
Solotar / Suarez Alvarez / Taillefer, 2004).

- H*(A, k) is not graded commutative in general for an augmented
algebra A.

What about braided Hopf algebras? Is there a braided version for the
results of 20047

Examples of interest: Nichols algebras, they are braided Hopf
algebras in categories of Yetter-Drinfeld modules.
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Graded braided commutativity

Graded commutativity is commutativity in the braided monoidal
category of graded vector spaces.

(€, ®,1,c) braided monoidal = (€%, ®, 1, c9") braided monoidal:

(c¥)cple,@p, = (—=1)Pcc, p,-

We can do the same for Ch(C), Coch(€), and also up to homotopy.

Commutative monoids in these braided monoidal categories will be
called graded braided commutative (and the same for comonoids).

When can we see Hochschild cohomology as a monoid in some €%#?
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A theorem for finite dimensional algebras

Theorem (Mastnak - Pevtsova - Schauenburg - Witherspoon)

Let H be a Hopf algebra with bijective antipode and let A be a
bialgebra in {YD. If either A or H is finite dimensional, then H*(A, k)

is a Z-graded object in /YD, and its cup product is graded braided
commutative.

Steps to construct Hochschild cohomology inside the category:

- Bar resolution + adjunction,
H®(A, k) = H(Homg(Se(A), k), 93),

where Sp(A) = A®".

- Inner hom objects hom(A®" k) that coincide as vector spaces
with Homy (A®" k).
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Lax and braided lax monoidal functors

Definition
Let (€, ®, /) and (D, x,J) be monoidal categories. A lax monoidal
functor from € to D is a triple (F, ¢, ¢o), where

- F: € — Dis a functor,
< oxy  F(X) x F(Y) = F(X® Y) define a natural transformation,
* @o: ) — F(I) is a morphism,
which make associativity and unitality diagrams commute.
Associativity:

px,yXidz

F(X) x F(Y) x F(Z) —22 L F(x @ Y) x F(2)

idy Xépy,zl ltpx@;v,z

FX) x F(Y ® 2) FX®Y®2).

X, Y27



Lax and braided lax monoidal functors

Definition

Let (€, ®,1,c®) and (D, x,J,c?) be braided monoidal categories. A
lax monoidal functor (F, ¢, @o) from € to D is braided if the following
diagram commutes:
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Lax and braided lax monoidal functors

Proposition (Aguiar - Mahajan)

- A lax monoidal functor sends monoids to monoids.

- A braided lax monoidal functor sends commutative monoids to
commutative monoids.

A way to interpret MPSW:

The complex (Se(A), deconcatenation) is a cocommutative comonoid
in Ch(ffYD). It is sent to (H*(A), —) by the (contravariant) braided lax
monoidal functor hom(—, k),so the latter is a commutative monoid.



An approach using duoidal
categories
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- Interesting examples of Nichols algebras do not satisfy the
previous finiteness conditions.

- When using smaller resolutions, cup product is defined for ®,,
not braided in general.

- The product ® is also present in bimodules over bialgebras.
Still, not braided in this case...

- Despite not being braided, they are compatible with each other,

1



Duoidal categories

Definition
A duoidal category is a tuple (€, o,1,%,/, ¢, Ay, py, Co), where

- (©,¢,1) and (€, *,J) are monoidal categories

- (I, A, (o) is a comonoid in (€, *,)).

* (J, 1y, o) 1s @ monoid in (€, o)

cCyzr: (X*xY)o (ZxT) = (XoZ)x (Yo T) define a natural
transformation, called interchange law,

with a lot of compatibility diagrams.
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Interchange law with associativity of ¢:

idy,7 ©Cy,u,zv

XxNo(YxU)o(Z*xV) ———————=XxT)o((Yo2)x (UoV))
CX‘T,Y‘UO idz*vl iCX,T,VoZ,UoV
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Duoidal categories

Interchange law with associativity of ¢:

idyrOCy y 7y

XxNo(YxU)o(Z*xV) ———————=XxT)o((Yo2)x (UoV))
CX‘T,Y‘UO idz*vl iCX,T,VoZ,UoV

(XoY)x(TolU))o(Z*V) ——————= XoYoZ)x(ToUoV).

XoY,ToU,Z,V

Example

From a braided monoidal category (€, ®, I, ¢) we define the duoidal
category (€, ®, 1, ®, I, ¢, idy,id),id;), where

C)E,Y,Z,T = idxy ®Cy 7z ®idr.
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Bimodules over a bimonoid

- Let A be a monoid in (€, ®, /). An A-bimodule is defined in the
same way as in vector spaces.

- When € has enough coequalizers, we can also take A-bimodules
M and N and define M @4 N.

- Let 4G4 denote the category of A-bimodules. Then (aCx, ®a,A) is
a monoidal category.

- If @ is braided and A is a bimonoid, we can define left and right
actions on M ® N. We denote this A-bimodule by M ® N.

- We get a second monoidal structure, (4Ca, ®, /).

14



Bimodules over a bimonoid

Proposition (Garner - Lopez Franco)

Let (A, u,m, A, €) be a bimonoid in a braided monoidal category
(€,®,1,¢), The tuple (4Ca,®a,A, ®,1,¢4, A, id,€) is a duoidal
category, where
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Bimodules over a bimonoid

Proposition (Garner - Lopez Franco)

Let (A, u,m, A, €) be a bimonoid in a braided monoidal category
(€,®,1,¢), The tuple (4Ca,®a,A, ®,1,¢4, A, id,€) is a duoidal
category, where

Cunke: (MON) @4 (KO L) — (M®4K)® (N ®aL)

is the canonical projection of the map (y y x| = idu ®Cy k @ idy.

Idea: It is a projection from a bigger quotient to a smaller one, and
everything commutes before taking quotients.
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(Co)chain complexes of bimodules

The monoidal structures are as usual:
Let (Co, dS), (Ds, dR) € Coch(C).

(Co D)y = @ Cp o Dyg

p+q=n
dSeP ¢ 0p, = dS o idp, +(—1)Pidc, od?,
and analogously with Cx D.

The graded interchange law has a sign in similar way to the graded
braiding from before:

gr o o
<C,D,C’,D’‘(Cp*Da)O(C;,*Dq/) = (=1)% CCD,Dq,c;,,D;,-

We can also take modulo homotopy.



Duoids and coduoids

Definition
Let (C, 0,1, %,J,¢, A, 1y, Co) be a duoidal category. A duoid in €is a
tuple (A, i, n, v, ), where

- (A, u,m) isa monoid in (C,¢,1) and (A,v,.) is @ monoid in (C,, ),

- the following diagrams commute:

CanA.A

(AxA)o (AxA) ————————> (AcA)x (A0 A)

uoul l/t*u

AcA m A = AxA,

| —2 s /oy——»f

N W

A<—AxA, A<>A4>A



Duoids and coduoids

Definition
Let (C,o, 1, %,J,(, A, 1y, (o) be a duoidal category. A coduoid in €is a
tuple (A, i, n, v, 1), where
- (A, p,m) is comonoid in (€, o, 1), (A,v,¢) is comonoid in (€, *, ),
- commutativity of diagrams dual to those of a monoid.
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Duoids and coduoids

Definition
Let (C,o, 1, %,J,(, A, 1y, (o) be a duoidal category. A coduoid in €is a
tuple (A, i, n, v, 1), where
- (A, p,m) is comonoid in (€, o, 1), (A,v,¢) is comonoid in (€, *, ),
- commutativity of diagrams dual to those of a monoid.

Proposition (Eckmann - Hilton argument)
- Duoids in a braided monoidal category are commutative
monoids

- Coduoids in a braided monoidal category are cocommutative
comonoids.
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Theorem (C. - Solotar)
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A (£8YD) 4, which in » Mod, is a projective resolution of A.
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Projective resolutions as coduoids

Theorem (C. - Solotar)

Let A be a bimonoid in ¥YD. Let P, L, A be a chain complex in

A (£8YD) 4, which in » Mod, is a projective resolution of A.
Take

© w: Py = (P®a P)e the map that lifts A ~ A®, A,
© 0 :Pe — (P®P)s the map that lifts A:A—AGA

Then (Pe,w,f,d,e 0 f) is a coduoid in the duoidal category
(Ch (a(¥EYD)a) , ®a,A, Ok, (CA)gr), up to k-linear homotopy.
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Duoidal functors

Definition
Let (C,0,1,%,J,¢) and (€",o',I',«", )/, (") be duoidal categories. A
duoidal functor from € to € is a tuple (F, ¢, 0,7, %), Where
- (F,,p0) is a lax monoidal functor from (€, ¢, 1) to (€', ¢/, 1").
-+ (F,7v,70) is a lax monoidal functor from (€, %, J) to (€, «,/)).
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Duoidal functors

Definition
Let (C,0,1,%,J,¢) and (€",o',I',«", )/, (") be duoidal categories. A
duoidal functor from € to € is a tuple (F, ¢, 0,7, %), Where
- (F,,p0) is a lax monoidal functor from (€, ¢, 1) to (€', ¢/, 1").
-+ (F,7v,70) is a lax monoidal functor from (€, %, J) to (€, «,/)).

One of the compatibility diagrams:

(00 FO0) o (F2) o 1Y) —— O oy o iz o () o )
F(Xx V) o' F(Z*T) F(Xo2Z)« F(YoT)
W,Ml i”rmz.va

F(XoZ)x(YoT)),

F(XxY) o (Z%T)) F(Cx,v,2,7)
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The functor homy,

Proposition (Aguiar - Mahajan)

A duoidal functor sends duoids to duoids.
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Let A be a bialgebra in ¥2YD, with G abelian. Let M, N be
A-bimodules. Define homaa(M, N) € K5YD as follows:
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The functor homy,

Proposition (Aguiar - Mahajan)

A duoidal functor sends duoids to duoids.

Definition

Let A be a bialgebra in ¥2YD, with G abelian. Let M, N be
A-bimodules. Define homaa(M, N) € K5YD as follows:

hompa(M, N), = HomA(Vecte)A(M, N[h]) = Hompa(M, N) N hom(M, N)j,

(- HX)=g-fg7"-x), ¥x e M.

Proposition
If M ~yeqs AR V®A and dim V < oo, then homaa(M, N) = Homaa (M, N).
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The final theorem

Theorem (C. - Solotar)

The functor homg, is duoidal.
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The functor homg, is duoidal.
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complex in 4(£8YD)a such that
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The final theorem

Theorem (C. - Solotar)
The functor homg, is duoidal.
Theorem (C. - Solotar)

Let A be a bimonoid in ¥YD, for G abelian. Let P, — A be a chain
complex in 4(£8YD)a such that

1. in 4 Mody, it is a projective resolution of A,

2. every A-bimodule P, is isomorphic as G-graded space to a
product A® V, ® A, with V, finite dimensional.
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The final theorem

Theorem (C. - Solotar)

The functor homg, is duoidal.

Theorem (C. - Solotar)
Let A be a bimonoid in ¥YD, for G abelian. Let P, — A be a chain
complex in 4(£8YD)a such that
1. in 4 Mody, it is a projective resolution of A,
2. every A-bimodule P, is isomorphic as G-graded space to a
product A® V, ® A, with V, finite dimensional.

Then, the cochain complex Homaa(Pe, k), with the cup product, is
graded braided commutative up to a k-linear homotopy. In
particular, its cohomology H®(A, k) is graded braided commutative.
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The final theorem

Sketch of proof:

- The product in Homaa(P,, k) induced by w is the cup product.
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The final theorem

Sketch of proof:

- The product in Homaa(P,, k) induced by w is the cup product.
- By condition 1, P, is a coduoid with w and 4.

- Condition 2 allows substituting Homaa(—, k) by the functor
homaa(—, k), which is duoidal.

- The image of the coduoid P, is a duoid.

- The codomain of the duoidal functor is braided monoidal, so by
Eckmann - Hilton argument, homs A(P_bullet, k) is a
commutative monoid.
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Thanks - Merci - Gracias

Thank you for listening!
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