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Braids as paths : group presentations and first results

Braids as collections of paths

P={xq,...,Xp} C D?

Geometric braid (on n strands on D?) : 3 = (¢1,..., %), ¥; : [0,1] —
D? x [0, 1]

> i(0) = (xi, 0) and
V(1) ePx{1}Vi=1...,n
> i(t) # (1) for i # j and
Yi(t) € D? x {t}.
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Braids as paths : group presentations and first results

Braids as collections of paths

Braids are considered up to isotopy :

Isotopy : By ~ By if it exists a continuous family of geometric braids
Bt, te[0,1].

The usual composition of paths induces a structure of group on
equivalence classes of braids on n strands :

{ Geometric braids (on nstrands )}, ~ Bj,
Braid group on n strands.
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Braids as paths : group presentations and first results

The Artin group presentation of B,

Theorem (Artin, 1925 and 1947)
B, admits a presentation with generators :

01 PRI U'n—1
and relations :

0j0j410j = 0j110i0j41, 1<i<n—2,
0i0j = 0j0j, |I'*j|>1, 1§I',j§n*1.

» Generator o; is represented by a half twist between jth and
(i + 1)th strands.

C2
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Braids as paths : group presentations and first results

Back to 1947

E. Artin, Theory of braids. Ann. of Math. 48, (1947) 101-126.

E. Artin, Braids and permutations. Ann. of Math. 48, (1947) 643—649.
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Braids as paths : group presentations and first results

Back to 1947

E. Artin, Theory of braids. Ann. of Math. 48, (1947) 101-126.

E. Artin, Braids and permutations. Ann. of Math. 48, (1947) 643—649.
The first paper ends with a question about the characterization of all
(transitive) homomorphisms between the braid group B, and the

symmetric group Sy, which Artin considered as a first step in
determining the group of automorphisms Aut (B,) of Bj.
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Back to 1947

E. Artin, Theory of braids. Ann. of Math. 48, (1947) 101-126.

E. Artin, Braids and permutations. Ann. of Math. 48, (1947) 643—649.
The first paper ends with a question about the characterization of all
(transitive) homomorphisms between the braid group B, and the
symmetric group S, which Artin considered as a first step in
determining the group of automorphisms Aut (B,) of Bj.

An answer for the first question was given by Artin himself... five
hundred pages later.
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Braids as paths : group presentations and first results

Back to 1947

E. Artin, Theory of braids. Ann. of Math. 48, (1947) 101-126.

E. Artin, Braids and permutations. Ann. of Math. 48, (1947) 643—649.
The first paper ends with a question about the characterization of all
(transitive) homomorphisms between the braid group B, and the

symmetric group Sy, which Artin considered as a first step in
determining the group of automorphisms Aut (B,) of Bj.

An answer for the first question was given by Artin himself... five
hundred pages later.

The waiting for an answer for the second question has been much
longer (Dyer and Grossman, 1981).
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Braids as paths : group presentations and first results

Artin Theorem

Definition. A homomorphism p: B, — S, is said to be transitive if the
action of Im (p) on the set {1,..., n} is transitive.

Artin Theorem. Let n # 4,6. Up to conjugacy, any transitive
homomorphism ¢ : B, — Sp, is such that Im (¢) is a cyclic group of
order n or is the canonical projection associating to a braid the
corresponding permutation. Four "exotic" homomorphisms exist for
n=4and n=6.
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Braids as paths : group presentations and first results

Generalizing Artin Theorem : n > m

Artin Theorem brings to natural questions :

» Determine all homomorphisms between B, and Sy, (n # m).
» Determine all homomorphisms between B, and B,.
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Braids as paths : group presentations and first results

Generalizing Artin Theorem : n > m

Artin Theorem brings to natural questions :

» Determine all homomorphisms between B, and Sy, (n # m).
» Determine all homomorphisms between B, and B,.

The answer to the first question (for n > m) was essentially already in
Artin’s ideas. For the second question :

Gorin-Lin Theorem. Let n > m where (n, m) # (4,3). Any
homomorphism ¢: B, — By, is cyclic (i.e. ¢(Bp) is a cyclic group).
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Braids as paths : group presentations and first results

Generalizing Artin Theorem : n > m

Artin Theorem brings to natural questions :

» Determine all homomorphisms between B, and Sy, (n # m).
» Determine all homomorphisms between B, and B,.

The answer to the first question (for n > m) was essentially already in
Artin’s ideas. For the second question :

Gorin-Lin Theorem. Let n > mwhere (n, m) # (4,3). Any
homomorphism ¢: B, — By, is cyclic (i.e. ¢(Bp) is a cyclic group).

For (n, m) = (4,3) we have also the surjective homomorphism
(I B, — Bg such that ’lﬂ((ﬂ) = ¢(03) =7 and ’lb(Ug) = 09.
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Braids as paths : group presentations and first results

Generalizing Artin Theorem : n<m

The study of possible homomorphisms between B, and B, when
n < mis much more complicated : few results for n < m < 2n and for
specific families of homomorphisms have been found by Lin.
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Braids as paths : group presentations and first results

Generalizing Artin Theorem : n<m

The study of possible homomorphisms between B, and B, when
n < mis much more complicated : few results for n < m < 2n and for
specific families of homomorphisms have been found by Lin.

Using the interpretation of braid groups as mapping classes,
Bell-Margalit (2006) showed that B, is quasi-cohopfian and Castel
(2011) determined all homomorphisms when m = {n,n+ 1}.
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Braids as paths : group presentations and first results

Generalizing Artin Theorem : n<m

The study of possible homomorphisms between B, and B, when
n < mis much more complicated : few results for n < m < 2n and for
specific families of homomorphisms have been found by Lin.

Using the interpretation of braid groups as mapping classes,
Bell-Margalit (2006) showed that B, is quasi-cohopfian and Castel
(2011) determined all homomorphisms when m = {n,n+ 1}.

Using Castel’'s approach and Nielsen-Thurston classification
Chen-Kordek-Margalit (three weeks ago...) determined all
homomorphisms between B, — B, (for n > 5).
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Braids as paths : group presentations and first results

Other presentations for B,

» Presentations with two generators (Artin, 1925 ; Klein, 1926 ; Lin,
2004);
» Birman-Ko-Lee presentation (1998) :
Generators : opqfor1 <p<g<n.
Relations :
Op,q0qr = 0qr0pr = Opropg, 1<p<q<r<n
Op,q0r.s = Or,s0p,q, for[p,q]and [r, s] disjoint or nested.

» Presentations by graphs, possibly with infinitely many edges
(Sergiescu, 1993).
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Braids as paths : group presentations and first results

Pure braids

We can associate to a braid the corresponding permutation in the
symmetric group S,. We obtain then :

11— Pp— By— Sp— 1.

where P, is the pure braid group on n strands.
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Braids as paths : group presentations and first results

Pure braids

We can associate to a braid the corresponding permutation in the
symmetric group S,. We obtain then :

1—Pn—By— Sp—1.
where P, is the pure braid group on n strands.
P, is generated by a;; = 0j_10j_2...0/110%0
(@1 = o7).

-1 1 . .
i1 0j_20j fori<j

-
T

P. Bellingeri (LMNO — Caen) Generalizations of braid groups 4-8 November 12/26



Braids as paths : group presentations and first results

Pure braids

We can associate to a braid the corresponding permutation in the
symmetric group S,. We obtain then :

1—Pp—By— Sp— 1.

where P, is the pure braid group on n strands.

; 1
P, is generated by a;; = 0j_10j_2...0j 11070} o Lol fori<j
ajjy1 = 0,-2
and defining relations :
a;p ifi<r<s<j orr<s<i<j
ars aijars == g .
a,jasja,jasj aj ifi=r<s<j

A aca.atazl i i i
a,,asla,j asj ajasjajag a; ifr<i<s<j
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Braids as paths : group presentations and first results

Pure braids

We can associate to a braid the corresponding permutation in the
symmetric group S,. We obtain then :

1—Pn—By— Sp—1.
where P, is the pure braid group on n strands.

i - 2,1 —1
Pnis generated by a;; = 0j_10j2...0/11070;, ... 0, 50;_ 1 fori<j
djj+1 = U,-2

and defining relations :

g ifi<r<s<j orr<s<i<j
» _ Jagaja,’ ifr<i=s<j
ars ajjars— f P .
a,,as,a,,asj aj fi=r<s<j

A aca.atazl i i i
a,,aslarj asj ajasjajag a; ifr<i<s<j

Margalit-McCammond (2006) : "symmetric" group presentations for P,
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Configurations spaces and braid groups

FrC={(x1,...xn) € C"|x; = X; <= i =j}.

Definition : P, := 71 (F,C)
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Configurations spaces and braid groups
FrC={(x1,... %) € C"|x; = X; <= =}

Definition : P, := 71 (F,C)
Fact : P, is isomorphic to P,.

Idea : an element of P, A : [0, 1] — F,C with base point (Xg 1, . .. Xo,n)
can be seen as a collection of n distinct paths on C x [0, 1]...

\@{\ R
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Configurations spaces and braid groups

FrC={(x1,... %) €C"|x; = X; < i=j}.
Definition : P, := m(F,C)

Fact : P, is isomorphic to Pp,.

Idea : an element of Pj,, A : [0, 1] — F,C with base point (Xg 1, . .. Xo.n)
can be seen as a collection of n distinct paths on C x [0, 1]...

Definition : B, := m{(F,C/S,), where the symmetric group S, acts by
permutation of coordinates.

Proposition : B, is isomorphic to By,.
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Configurations spaces and braid groups : a first
application

Pure braid group on n strands : P, := 1 (F,C)
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Configurations spaces and braid groups : a first
application

Pure braid group on n strands : P, := m¢(F,C)

Fadell-Neuwirth fibration :

p: ]Fn—HC — FnC, p((X17"'7Xn7Xn+1)) = (X'I?"'axn)
Fiber : C\ n points
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Configurations spaces and braid groups : a first
application

Pure braid group on n strands : P, := m(F,C)

Fadell-Neuwirth fibration :

p:Fp,1C—F,C, p((X1,. ..y Xn, Xne1)) = (X1,. .., Xn)
Fiber : C\ n points

Homotopy exact sequence

(BS) 1 — m(C\ n points ) = Pnq — Pp— 1

(m1(C\ n points ) ~ F, free group on n generators)
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Forget configuration spaces...

(BS) 1—m(C\ npoints ) = Ppiq — Py — 1

v

The projection p,, : P,y — P, consists of forgetting last strand,
namely pn(a&in+1) = 1 and pp(a;;) = a;j for j # n+1.

The group generated by {a1 n1,...an 41} is a free group of rank
n and it coincides with Kerpy,.

lterating (BS) sequence we getthat P, = Fy x Fp_1 X+ - x Fo X Z
Using Lindon-Schupp method we get a group presentation for Pp,.

\4

v

v
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Another application : residual properties

Lower central series (LCS) of G :
(G) =G, Ti(G)=[G,Ti_1(G)] fori>1.

Rational lower central series of G : D{(G) = G,
Di(G) ={xe G|x" eT(G)forsome ne N*} fori> 1.
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Another application : residual properties

Lower central series (LCS) of G :

N(G)=G, Ti(G) =[G, Ti_1(G)] fori > 1.

Rational lower central series of G : D{(G) = G,

Di(G) ={xe G|x" eTj(G)forsome ne N*}fori> 1.

Let P be a group-theoretic property. G is residually P if for any
(non-trivial) element x € G, there exists a group H with the property P
and a (surjective) homomorphism ¢ : G — H such that ¢(x) # 1.

» Gis residually nilpotent (RN) if and only if (-1 Fi(G) = {1};
» G is residually torsion-free nilpotent (RTFN) if and only if

Niz1 Di(G) = {1}.
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Another application : residual properties

Lower central series (LCS) of G :
(G) =G, Ti(G)=[G,Ti_1(G)] fori > 1.

Rational lower central series of G : D{(G) = G,
Di(G) = {x € G|x" €Tj(G) for some ne N*} for i > 1.

» G s residually nilpotent (RN) if and only if ;-1 Ii(G) = {1};
» @G is residually torsion-free nilpotent (RTFN) if and only if
Ni>1 Di(G) = {1}.
e Fp, free group on n generators, is RTFN.

e Using exact sequence on pure braid groups one can show that P, is
RTFN (Falk-Randell, 1985).
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Lower central series : the case of B,

Let G be a group.

Lower central series (LCS) of G :
r(G) =G, Ti(G)=[G,Ti_1(G)] fori>1.

Gis perfect if G = I2(G).
Notation : G/T2(G) = G**.
Exemples : mapping class groups of closed surfaces of genus g > 3.

Proposition BA? = 7 and 'a(By) = '3(Bp).
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

The lower central series of B,

Proposition BA? = 7 and 'y(By) = '3(By).

Sketch of the proof. We focus on the second statement. Consider the
following short exact sequence :

FZ(B")H By L By — 1
M3(Bn)  Ta(Bn)  T2(Bn)

By abuse of notation let o; be the image of o; by g3 : B, — B,/T'3(B5). Since
all of the o € B,/T'3(Bp) project to the same element of B, /I'»2(B,) = Z, for
each 1 <j< n-—1,there exists t; € I'2(By)/T'3(Bp) (Where t; = 1) such that
o;i = tio1. Projecting the braid relation cjoj 10; = oir10joir1 into B,/T3(Bp),
we see that fio1 i 101tioy = lip1o1toqti101. But the {; are central in
B,/T'3(Bn), so & = ti11, and since t; = 1, we obtain oy = ... = op_1. So the
surjective homomorphism p is in fact an isomorphism.
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Diails diid COTIIZUIatulls spalts . CAAULL STHUSTILES diild
applications

Exact sequences of braid groups : how to get
representations

Braid group on n strands :B;, := 7{(F,C/Sp)
Mixed Braid group on (n, 1) strands : B, | := m1(Fp;.1C/Sp) C By

Sy acting on first n coordinates (in terms of collections of paths we are
considering braids on n+ 1 strands where the last one is pure).

Fadell-Neuwirth fibration :
p: ]Fn+1c — FnC, p((X‘Ia---vxnvanr'l)) = (X'I?' "aXn)

Homotopy exact sequence

(BS) 1 — m(C\n points ) — Bpy — By — 1
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Didits ds autLifiorpiiisitic VI ITee Yivdps . DUuldu Topli CotiitatiVit diild
outer automorphisms

Braids as automorphisms of free groups

(BS) 1= Fy—By1— By —1
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Didits ds autLifiorpiiisitic VI ITee Yivdps . DUuldu Topli CotiitatiVit diild
outer automorphisms

Braids as automorphisms of free groups

(BS) 1= Fy—By1—By—1

Artin representation for B,

» The action of B, on F, = (&1,...,&p) is faithful (v : By, — Aut(Fp)).
» Let g € Aut(Fp).
B € uBn) —
i)ﬂ(gj):gjgﬂ(j)gj‘1 g EFn j=1,....n € Sy
i) B(§1&2---&én) = &1&2- - &n
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Didits ds autLifiorpiiisitic VI ITee Yivdps . DUuldu Topli CotiitatiVit diild
outer automorphisms

Braids as automorphisms of free groups
(BS) 1= Fy—By1— By —1

Artin representation for B,

» The action of B, on F, = (&1, ..., &) is faithful (¢ : B, — Aut(Fp)).
» Let g € Aut(Fp).
B € uBp) —
i),8(§j):gj§ﬂ(j)9171 g €Fn j=1,....n € Sy
iM) B(§1§2+ - &n) = 162+ -+ &n

Remark

. : Magnus repr.
Artin representation for B, M

Bn:

Burau representation for

pB : Bn — GLA(Z[g™))
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Didits ds autLifiorpiiisitic VI ITee Yivdps . DUuldu Topli CotiitatiVit diild
outer automorphisms

Braids as automorphisms
Artin representation for B,

» The action of B, on F, = (&1, ..., &) is faithful (¢ : B, — Aut(Fp)).
» Let 5 € Aut(Fp).
B € uBy) —
N B(&) = Gi&xiy G g E€Fnj=1,...n7eSy
i) B(&1&2---&n) = &1&2- -+ &n

Easy consequences :
» B, is hopfian;
» B, has solvable word problem.
This interpretation of By, is the main approach for :

Theorem (Dyer-Grossman, 1981)
The outer automorphism group of B, Out(B,), is isomorphic to Zs.
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Braids as mapping classes

Braids as mapping classes

Let P = {py,...,pn} be a set of ndistinct points on D?.
n-punctured Mapping class group of D? :

h : D? — D? orientation preserving
M@, P)=< h(p)ePi=1,....n

h|8]D)2 - /d /N
PMD?,P)=< h(p)=pii=1,...,n

{ h : D? — D? orientation preserving }
/N

h‘aﬂ)z - Id

Previous definitions do not depend on the choice of P but only on its
cardinality ; therefore we can define :

Mp(D?) := M(D?,P); PMu(D?) := PM(D?, P).

Theorem
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Braids as mapping classes

"Proof"
Theorem
Mn(]D)Q) ~ Bn.

Sketch of the proof (pure case) :
- )2 2 Ari ; .
Set Homeo™ (D?) :{ h: D= — D* orientation preserving }

h|8D2 == /d
and

h : D? — D? orientation preserving
Homeo*(D?,P)={ h(p)=pii=1,....n

h|8]D)2 — /d

They are topological spaces provided with compact-open topology.
mo(Homeo™ (D2, P)) ~ PM,(D?)

On the other hand, Homeo (D?) is contractible (Alexander’s trick) and
mo(Homeo™t (D?)) ~ M(D?) = 1.
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Braids as mapping classes

"Proof"

Sketch of the proof (pure case) :
We consider the evaluation map Ev : Homeo™ (D?) — Fp(C) defined

by Ev(h) = (h(p1), ..., h(pn)). Itis a locally trivial fibration with fiber
Homeo™ (D?, P). The Iong exact sequence of homotopy groups of this
fibration gives the short exact sequence :

1 — 71(Fp(C)) — mo(Homeo™t (D?, P)) — mo(Homeo™ (D?)) — 1
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Braids as mapping classes

Braids act on the punctured disk
From the isomorphism between M ,(D?) and B,,. we deduce that B,
act faithfully on the n punctured disk, call it D,, and therefore they act

on 71(Dy) ~ F,. This action coincides with the action by conjugacy
defined by the natural section of

(BS) 1 —m(C\n points ) — Bpy — By — 1
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Braids as mapping classes

Braids act on the punctured disk

From the isomorphism between M ,(D?) and B,. we deduce that B,
acts faithfully on the n punctured disk, call it D,, and therefore it acts
on m1(Dy) ~ Fn. This action coincides with the action by conjugacy
defined by the natural section of

(BS) 1 —=m(C\ n points) = B,1 — By — 1

Remark : The action of B, on D, (or C \ n points ) induces also an
action of B on FrDp = {(X1,...Xm) € (Dn)*" |X; = X; <= i =j} and
FmDp/Sm for any integer m > 1.

Therefore B, acts on the fundamental group of such a configuration
space, which is called braid group of the m-punctured disk.

This action is the starting point for Bigelow-Krammer-Lawrence
representation(s).
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