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Introduction

What do we know in char 07

V quotient of L, ¥V (no limit) ordinal £,

—> M ideal

M submodule of Kg(L)/Ks—_1(L)
M invariant under inner automorphisms

L nondegenerate, H, every ideal with Jordan elements.
Then K(L) = () (str. prime ideals of L) = 0.

Main example

S

L over a field of characteristic zero =— H
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Introduction

Can we do better?

Suggestion by Efim Zelmanov:

USE GENERALIZED M-SEQUENCES!! )

(e-mails and manuscript notes exchanged with E. Zelmanov)

G

L over a field of characteristic zero

o K(L) = {a € L | finite generalized m-sequence}
e K(L) = (str. prime ideals of L)

@ L nondegenerate = L subdirect product of str. prime algebras.
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The functions f(n, r)

The sets By(L): Ki(L) =, Ba(L)

Bn(L) =D _[llai, bi], -, bi, 1 | 0 < ki < n, by € L}
i=1

(ad2 =0, i=1,...,n)
The functions f(n, r):

Lemma

Vn,r € N 3f(n,r) € N such that VL of char 0 and Va € B,(L)

f(n,r)

ad[[&bl]"“’bk]bo =0 for every bg,...,bp € L, 0< k<.

Important:
@ f(n,r) exists with independence of the Lie algebra

@ n for the set B,(L), r for how many arbitrary-elements b; €L



The functions f(n, r)

Construction of the f(n. r):
f(n,r) _
We want ad[[a,bl],...,bk] bp =0
Remember that a € By(L) has the form 377 [[[a;, by ], .. ., bi, ]]

New variables:

X:={x}tu{x|ieN}U{x;|i,jeNtU{yi|ieN}

@ xg for where we evaluate, “by"

@ x; for the absolute zero divisors “a;" in the construction of “a"
@ Xx; for the “arbitrary” elements “b;" in the construction of “a”
@ y; for the “arbitrary” elements “b;"

L[X] free Lie algebra,

Z[X] = LIX)/Mdgpq(ad L[X] | i € N)



The functions f(n, r)

Construction of the f(n. r):

f(n,r n
We want ad[[(a,bl)],...,bk] bO = 0, a= Zi:l [[[aia bl'1]a ceey bik;]]

L[X] “free” with absolute zero divisors “x;"

To imitate elements of the form [[a, b1], ..., bx] we build the sets:
n

An,r = {Z [[[[)_(ia)?il]v 000 7)_(1'/(,']7_)_/1]7 000 7.)_/k] ‘ 0< ki <n, 0< k < r}-
i=1

Important: A, , C K1(£[X]) and finite —> also Anr U [Anr, Xo]
= AnrU[Anr, x0] generates a nilpotent subalgebra D, ,

3f(n, r) € N such that D,f,(,"’r) =0 (rmk: f(n,r) > 3)




Generalized m-sequences

Generalized m-sequence:

Definition

{ci}ien such that ¢; € L and each ¢j;1 has form

qi
[Ci)Xl]

qi

Xg, Or aduc_ al

P
adclf Xp, ad X0

for some xp, x1,x2 € L and q; = f(i,3i +2) « (technical)

Remark:
addixo € [ci, [ci, [ci, L]] € [[[ci, L], L], L]
adf’  xo € [[ci, ], [[er, xa], L]] € [[[er, L], L], L]

[Chxll

ad(j w00 € [llei-xa] %], L] € [[[ei, L], L], L]

[[C;,Xl],
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Generalized m-sequences

Why generalized m-sequences?

Proposition 1

{ci}ien with some ¢; € K(L) = finite length J

Proof: (transfinite induction)

if ¢; € K1(L), ¢; in some B,(L) (assume n > i)

Ciy1 € [[[C,', L], L], L]7 Ciy2 € [[[Ci-i-la L]7 L]7 L] - [[[Cf7 L]7 s00g L]]7

~— ~— ~——
3 3 32
so ¢p € [[[ci, L], - - ., L]] hence cpy1 =0

(n—i)
3(n—i

(since gn = f(n,3n+2))



A sufficient condition for K(L)

Why three types of elements in a generalized m-sequence?

Proposition 2
If a € L and dg € N with

adlxp = adf’am]xo = adﬁaﬁxl]m]xo =0, forall xg,x1,x €L

then a € K(L).

Proof: (work in L/K(L), assume L nondegenerate and a # 0)
@ either b= a or b € [a, L] has index of ad-nilpotency 3
consider Ly = (L/ker(b), o), x o y := 3[[x, b], y]
@ Lp is nilpotent of index < g+ 1 (x(a+1:b) = 2,,#_@Ld?x’b]x)
@ L, radical in the sense of McCrimmon + L, nondegenerate
o L,=0 = L=ker(b), [b,[b,L]] = 0 CONTRADICTION



K(L) in terms of generalized m-sequences

Proposition 3
ad K(L) — d infinite {Ci}iGN with ¢g = a J

Proof: (work in L/K(L), a # 0)

If ¢; # 0 then ¢j41 # 0:
otherwise addixp = ad?éi’xl]xo = adﬁ’q’XlLXﬂxo =0 = =0

Theorem 1 (Proposition 1 + Proposition 3)

K(L) ={a € L | every {ci}ien with ¢g = a is finite}
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Strongly prime ideals

Remember P str. prime ideal if L/P is prime and nondegenerate.

{¢i}ien infinite and P maximal with respect to P N {c¢;}ien =0

4

P is str. prime ideal

(notice that each ¢j11 € [Id.(¢;),Id.(ci)])

K(L) = ﬂ (str. prime ideals of L)

P

Corollary

L nondegenerate = subdirect product of str. prime algebras.
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