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Definitions

Definition (Mazorchuk & Turowska 1999): Given

R = a commutative algebra over a field k,

t = (t1, . . . , tn) ∈ (R\{0})n,

σ = (σ1, . . . , σn) ∈ Autk(R)n pairwise commuting,

µ = (µij)
n
i ,j=1 matrix with µij ∈ k\{0},

such that
ti tj = µijµjiσ

−1
j (ti )σ

−1
i (tj) ∀i 6= j ,

the twisted generalized Weyl construction, A′ = A′(R, σ, t, µ), is
the R-ring generated by X1, . . . ,Xn, Y1, . . . ,Yn modulo

XiYj = µijYjXi (i 6= j) (1.1)

YiXi = ti , XiYi = σi (ti ), (1.2)

Xi r = σi (r)Xi , rYi = Yiσi (r) ∀r ∈ R. (1.3)
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Definitions

Any element of A′ is a (non-unique) sum of elements of the form

rYi1 · · ·Yik Xj1 · · ·Xjl ,

where r ∈ R.

Zn-gradation on A′:

deg(r) = 0 ∀r ∈ R,

deg(Xi ) = (0, . . . , 1i , . . . , 0), deg(Yi ) = (0, . . . ,−1i , . . . , 0).

Let I := sum of all graded ideals J in A′ with J ∩ (A′0) = 0.
The twisted generalized Weyl algebra A = Aµ(R, σ, t) is defined as

A = A′/I .
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Definitions

Theorem

1 The construction of a twisted generalized Weyl algebra
Aµ(R, σ, t) from a TGW datum (R, σ, t) defines a functor
Aµ : TGWn(k)→ Zn-GrAlgk. That is, for any morphism
ϕ : (R, σ, t)→ (R ′, σ′, t ′) in TGWn(k) there is a morphism
Aµ(ϕ) : Aµ(R, σ, t)→ Aµ(R ′, σ′, t ′) in Zn-GrAlgk such that
Aµ preserves compositions and identity morphisms.

2 Given any morphism ϕ : (R, σ, t)→ (R ′, σ′, t ′) in TGWn(k),
we have the following commutative diagram in Zn-GrAlgk:

R
ϕ //

ρµ,(R,σ,t)

��

R ′

ρµ,(R′,σ′,t′)

��
Aµ(R, σ, t)

Aµ(ϕ) // Aµ(R ′, σ′, t ′)

(1.4)
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Examples

The n:th Weyl algebra:

R = k[t1, . . . , tn],

σi (tj) = tj + δij ∀i , j

µij = 1 ∀i , j

Then
I = 〈XiXj − XjXi ,YiYj − YjYi | ∀i 6= j〉

and Aµ(R, σ, t) ' An(k), the n:th Weyl algebra over k.
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Examples

If σi (tj) = tj ∀i 6= j and ti are not zero-divisors then

I = 〈XiXj − XjXi ,YiYj − YjYi | ∀i 6= j〉

=⇒ A is a generalized Weyl algebra (Bavula 1992).

Noncommutative Type-A Kleinian singularities. (studied by
Bavula, Hodges, Rosenberg, Bavula & Jordan): Let n = 1,
R = k[u], σ(u) = u − 1, t ∈ R arbitrary.

If t = u, then R(σ, t) ' A1(k).
If t = −u2 − u − λ

4 , λ ∈ k, then R(σ, t) ' U(sl2(k))/〈C − λ〉.
U(sl2(k)), Uq(sl2(k)), U(sl+

3 (k)), Uq(sl+
3 (k)), (generalized)

down-up algebras (Benkart & Roby 1998, Cassidy & Shelton
2004), Witten-Woronowicz deformations of U(sl2), ...
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Examples

A TGWA of “type A2” (Mazorchuk and Turowska 1999):
R = C[H], t1 = H, t2 = H + 1,
σ1(H) = H + 1, σ2(H) = H − 1, all µij = 1. Then

σ−1
1 (t2)σ−1

2 (t1) = H(H + 1) = t1t2

So Aµ(R, σ, t) is some nontrivial TGWA.

Quantized Weyl algebras Aq,Λ
n ,

Mickelsson step algebras Z (gln, gln−1 × gl1).
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Examples

We say that (R, σ, t) is µ-consistent if the canonical map
ρ : R → Aµ(R, σ, t) is injective.

A regular TGW datum D = (R, σ, t) ∈ TGWn(k) is µ-consistent iff

σiσj(ti tj) = µijµjiσi (ti )σj(tj), ∀i , j = 1, . . . , n, i 6= j ,
(1.5)

tjσiσk(tj) = σi (tj)σk(tj), ∀i , j , k = 1, . . . , n, i 6= j 6= k 6= i .
(1.6)
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Examples

Theorem A

Assume that D = (R, σ, t) is a µ-consistent data. If t1, . . . , tn are
invertible in R, then Aµ(R, σ, t) is graded isomorphic to a
Zn-crossed product algebra over R: there is a unique σ-twisted
2-cocycle α : Zn × Zn → R× for which there exists a graded
isomorphism

ξµ,D : R oσ
α Zn → Aµ(R, σ, t)

satisfying

ξ(rug ) = rX g1
1 · · ·X

gn
n ,

α(g , h)α(gh, k) = σg (α(h, k))α(g , hk);α(g , e) = α(e, g) = 1
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Examples

Remark

If t1, . . . , tn are regular in R, then Aµ(R, σ, t) can be embedded
into a Zn-crossed product algebra over a localization of R.
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Locally finite TGWAs

Definition

A twisted generalized Weyl algebra A = Aµ(R, σ, t) is locally finite
over k if

dimk
(
Spank{σk

i (tj) | i , j = 1, . . . , n, k ∈ Z}
)
<∞.

If A is locally finite over k, let pij be the minimal polynomial for σi

acting on the space

Spank{σk
i (tj) | k ∈ Z}.
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Locally finite TGWAs

Theorem

The matrix CA = (aij)
n
i ,j=1 defined by

aij =

{
2, if i = j ,

1− deg(pij), otherwise.

is a generalized Cartan matrix. That is,

deg(pij) ≥ 1 ∀i 6= j ,

and
deg(pij) = 1⇐⇒ deg(pji ) = 1.
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Locally finite TGWAs

Theorem

Let A = Aµ(R, σ, t) be a locally finite TGWA, where R has no
zero-divisors and µij = 1∀i , j . Then for all i , j = 1, . . . , n, i 6= j ,

there is a unique minimal mij ∈ Z>0 and unique λ
(1)
ij , . . . λ

(mij )
ij ∈ k,

λ
(mij )
ij 6= 0 such that

X
mij

i Xj + λ
(1)
ij X

mij−1
i XjXi + · · ·+ λ

(mij )
ij XjX

mij

i = 0.

They are given by the polynomials pij :

pij(x) = xmij + λ
(1)
ij xmij−1 + · · ·+ λ

(mij )
ij .

Also,

YjY
mij

i + λ
(1)
ij YiYjY

mij−1
i + · · ·+ λ

(mij )
ij Y

mij

i Yj = 0.
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Locally finite TGWAs

Example:
Let A = A(R, σ, t, µ) be the TGWA of “type A2”: R = C[H],
t1 = H, t2 = H + 1, σ1(H) = H + 1, σ2(H) = H − 1, all µij = 1.
Then

σ2
2(t1)− 2σ2(t1) + t1 = 0

and {t1, σ2(t1)} is linearly independent.

So 1− deg(p21) = −1.
Similarly 1− deg(p12) = −1. Thus

CA =

[
2 −1
−1 2

]
really motivating us to say A is of type A2! Moreover, in A,

X 2
i Xj − 2XiXjXi + XjX

2
i = 0, {i , j} = {1, 2},

Y 2
i Yj − 2YiYjYi + YjY

2
i = 0, {i , j} = {1, 2}.
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Locally finite TGWAs

To any generalized Cartan matrix C = (aij) we can associate the
polynomials pij(x) = (x − 1)1−aij , i 6= j . Then the above relations
look like ordinary Serre relations for the Kac-Moody algebra g(C ).
If we instead take pij(x) = (x − qaij )(x − qaij +2) · · · (x − q−aij ) we
get quantum Serre relations.
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Theorem

Let A = Aµ(R, σ, t) is a locally finite TGW algebra of type (A1)n,
where (R, σ, t) is regular and µ-consistent. Then A is isomorphic
to the R-ring generated by X1, . . . ,Xn,Y1, . . . ,Yn modulo the
relations

Xi r = σi (r)Xi , Yi r = σ−1
i (r)Yi ∀r ∈ R,∀i ,

YiXi = ti , XiYi = σi (ti ), ∀i ,
(2.1)

XiYj = µijYjXi , XiXj = γijµ
−1
ij XjXi , YjYi = γijµ

−1
ji YiYj , i 6= j ,

(2.2)

where σi (tj) = γij tj , i 6= j .
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Moreover, A is simple if and only if R is Zn-simple and
Rti + Rσd

i (ti ) = R for all d ∈ Z>0 and i = 1, . . . , n.
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Let n ∈ Z>0 and k ∈ Z\{0} and let Λ = (λij), r = (rij) and
s = (sij) be three n × n-matrix with entries from k\{0}, such that

λii = 1 ∀i and λijλji = 1 ∀i 6= j , (3.1)

rii/sii is a nonroot of unity ∀i , (3.2)

rk
ij = sk

ij i 6= j . (3.3)

Let
R = k[u±1

1 , . . . , u±1
n , v±1

1 , . . . , v±1
n ], (3.4)

σ1, . . . , σn ∈ Autk(R) as follows:

σi (uj) = r−1
ij uj , σi (vj) = s−1

ij vj , (3.5)

for all i , j ∈ {1, . . . , n}, and

ti =
(riiui )

k − (siivi )
k

rk
ii − sk

ii

. (3.6)
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Put
µij = r−k

ji λji , i 6= j . (3.7)

Then (R, σ, t) is µ-consistent and Aµ(R, σ, t) = Ak
n(r , s,Λ) is a

multiparameter twisted Weyl algebra.

Let RZn
= {r ∈ R | σi (r) = r ∀i = 1, . . . , n},

G = {d ∈ Z2n | ud ∈ RZn} the gradation group of RZn
.
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= {r ∈ R | σi (r) = r ∀i = 1, . . . , n},

G = {d ∈ Z2n | ud ∈ RZn} the gradation group of RZn
.
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Theorem B

Let A = Ak
n(r , s,Λ) be a multiparameter twisted Weyl algebra.

(a) The assignment
n 7→ A/〈n〉 (3.8)

where 〈n〉 denotes the ideal in A generated by n, is a bijection
between the set of maximal ideals in the invariant subring RZn

and the set of simple quotients of A in which all
Xi , Yi (i = 1, . . . , n) are regular.

(b) For any n ∈ Specm(RZn
), the quotient A/〈n〉 is isomorphic to

the twisted generalized Weyl algebra Aµ(R/Rn, σ̄, t̄), where
σ̄g (r + Rn) = σg (r) + Rn, ∀g ∈ Zn, r ∈ R and
t̄i = ti + Rn, ∀i .

(c) A/〈n〉 is a domain for all n ∈ Specm(RZn
) if and only if Z2n/G

is torsion-free.
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Multiparameter Weyl algebras and Hayashi’s q-analog

Let r = (r1, . . . , rn), s = (s1, . . . , sn) are such that (ri s
−1
i )2 6= 1 for

each i . Let Ar ,s(n) be the unital associative algebra generated by
ρi , ρ

−1
i , σi , σ

−1
i , xi , yi , i = 1, . . . , n, subject to the following

relations:

(R1) The ρ±1
i , σ±1

j all commute with one another and

ρiρ
−1
i = σiσ

−1
i = 1;

(R2) ρixj = r
δi,j
i xjρi ρiyj = r

−δi,j
i yjρi 1 ≤ i , j ≤ n;

(R3) σixj = s
δi,j
i xjσi σiyj = s

−δi,j
i yjσi 1 ≤ i , j ≤ n;

(R4) xixj = xjxi , yiyj = yjyi , 1 ≤ i , j ≤ n;
yixj = xjyi , 1 ≤ i 6= j ≤ n;

(R5) yixi − r 2
i xiyi = σ2

i and yixi − s2
i xiyi = ρ2

i , 1 ≤ i ≤ n,
or equivalently

(R5’) yixi =
r 2
i ρ

2
i − s2

i σ
2
i

r 2
i − s2

i

and xiyi =
ρ2
i − σ2

i

r 2
i − s2

i

1 ≤ i ≤ n.
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Multiparameter Weyl algebras and Hayashi’s q-analog

Ar ,s(n) is a multiparameter Weyl algebra.

When ri = q−1 and si = q for all i , the quotient by the ideal
generated by σiρi − 1, i = 1, . . . , n, gives Hayashi’s q-analogs of
the Weyl algebras.

Take k = 2, and for all i , j put λij = 1, rij = r
δij
i , sij = s

δij
i , where

ri , si ∈ k\{0}, i = 1, . . . , n. Then Ak
n(r , s,Λ) is isomorphic to

Ar ,s(n).
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Multiparameter Weyl algebras and Hayashi’s q-analog

Proposition

(Benkart) When the parameters ri , si are generic, the
multiparameter Weyl algebra Ar ,s(n) is isomorphic to the degree n
generalized Weyl algebra over D, where D is the k-algebra
generated by the elements ρi , ρ

−1
i , σi , σ

−1
i , i = 1, . . . , n, subject to

the relations in (R1). Thus, Ar ,s(n) is Noetherian domain.
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Quantized Weyl algebras

Let q̄ = (q1, . . . , qn) be an n-tuple of elements of k\{0}. Let
Λ = (λij)

n
i ,j=1 be an n × n matrix with λij ∈ k\{0}, such that:

λijλji = 1 for all i , j .
The multiparameter quantized Weyl algebra of degree n over k,
denoted Aq̄,Λ

n (k), is defined as the unital k-algebra generated by
xi , yi , 1 ≤ i ≤ n subject to the following defining relations:

yiyj = λijyjyi , ∀i , j , (3.9)

xixj = qiλijxjxi , i < j , (3.10)

xiyj = λjiyjxi , i < j , (3.11)

xiyj = qjλjiyjxi , i > j , (3.12)

xiyi − qiyixi = 1 +
i−1∑
k=1

(qk − 1)ykxk , ∀i . (3.13)
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Quantized Weyl algebras

For k = C and q1 = · · · = qn = µ2, λji = µ ∀j < i , where

µ ∈ k\{0}, the algebra Aq̄,Λ
n (k) is isomorphic to the quantized

Weyl algebra introduced by Pusz and Woronowicz.
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Quantized Weyl algebras

MQWA can be realized as a TGWA. Let P = k[s1, . . . , sn] and
τi ∈ Aut P defined by

τi (sj) =


sj , j < i ,

1 + qi si +
∑i−1

k=1(qk − 1)sk , j = i ,

qi sj , j > i .

(3.14)

Let µ = (µij)
n
i ,j=1 be such that

µij =

{
λji , i < j ,

qjλji , i > j .
(3.15)

Put τ = (τ1, . . . , τn) and s = (s1, . . . , sn). Then Aµ(P, τ, s) is
k-finitistic, pij(x) = x − 1 for i < j and pij(x) = x − qi for j > i ,

so it is of type (A1)n, and Aµ(P, τ, s) is isomorphic to Aq̄,Λ
n (k) via

Xi 7→ xi , Yi 7→ yi and si 7→ yixi .
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Quantized Weyl algebras

Identify P with its image in Aq̄,Λ
n via si 7→ yixi . Consider

zi = 1 +
∑
k≤i

(qk − 1)sk , i = 1, . . . , n. (3.16)

The set S := {zk1
1 · · · zkn

n | k1, . . . , kn ∈ Z} \ {0} is an Ore set, and
provided that none of the qi is a root of unity, the algebra

B q̄,Λ
n := S−1Aq̄,Λ

n

is simple.
Then we have

B q̄,Λ
n ' S−1Aq̄,Λ

n ' S−1Aµ(P, τ, s) ' Aµ(S−1P, τ̃ , s).
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Quantized Weyl algebras

Algebra B q̄,Λ
n fits into the framework of multiparameter twisted

Weyl algebras. Let q̄ = (q1, . . . , qn) ∈ (k\{0})n, Λ = (λij)
n
i ,j=1

with λij ∈ k\{0}, λii = 1, λijλji = 1 for all i , j (none of the qi is a
root of unity). Let

rij =

{
1, j ≤ i

q−1
i , j > i

sij =

{
1, j < i

q−1
i , j ≥ i

(3.17)

Let Ak
n(r , s,Λ) = Aµ(R, σ, t) where

R = k[u±1
1 , . . . , u±1

n , v±1
1 , . . . , v±1

n ], (3.18)

σi (uj) = r−1
ij uj , σi (vj) = s−1

ij vj , (3.19)

ti =
ui − q−1

i vi

1− q−1
i

, (3.20)

µij = r−1
ji λji ,∀i , j . (3.21)
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Quantized Weyl algebras

Ak
n(r , s,Λ) = Aµ(R, σ, t)

���� ** **UUUUUUUUUUUUUUUUUU

Ak
n(r ,s,Λ)
〈J〉 ' Aµ(R/J, σ̄, t̄)

' // Aµ(S−1P, τ̃ , s) ' B q̄,Λ
noo

Aµ(P, τ, s) ' Aq̄,Λ
n

W7

jjUUUUUUUUUUUUUUUU
?�

OO
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Quantized Weyl algebras

THANK YOU!
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