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@ Preliminaries
- Basic definitions
- Origin of the problems
- Locally simple diagonal Lie algebras

o Classification of locally simple subalgebras of diagonal Lie algebras
- The statement of the theorem
- ldeas of the proof

@ Homomorphisms of diagonal Lie algebras
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Basic definitions

The base field is C. All Lie algebras considered are finite dimensional or
countable dimensional.

Definition. A Lie algebra g is locally finite if any finite subset S of g is
contained in a finite-dimensional Lie subalgebra g(S) of g. If, for any S,
9(S) can be chosen simple, g is called locally simple.

Definition. An exhaustion

g1 Cg2C -

of a locally finite Lie algebra g is a direct system of finite-dimensional Lie
subalgebras of g such that the direct limit Lie algebra Ii_m>g,, is isomorphic
to g.
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Basic definitions

Definition. An injective homomorphism ¢ : g1 — g of finite-dimensional
classical simple Lie algebras is called diagonal if there is an isomorphism of
g1-modules

Volgn2Vie..oVieoVye..oVfeTio...0 T,
M ; z

where V; is the natural g;-module (i = 1,2), V" is the dual of V4, and Ty
is the one-dimensional trivial g;-module. The triple (/, r, z) is called the
signature of €.

Definition. A locally simple Lie algebra s is diagonal if it admits an
exhaustion by simple subalgebras s; such that all inclusions s; C s;41 are
diagonal.
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Origin of the problems

@ Classification of pairs s C g of finite-dimensional semisimple Lie
algebras up to g-conjugacy (Malcev, Dynkin).
For classical s, g: the study of g-conjugacy classes of s is equivalent
to the study of V' | s (V is the natural g-module).

@ Description of locally semisimple Lie subalgebras of
g = gl(00), sl(o0), so(0), sp(cc) up to isomorphism.
Description of V' | s and V* | s in terms of the socle filtration
(Dimitrov, Penkov).

o Classification of diagonal locally simple Lie algebras up to
isomorphism (Baranov, Zhilinskii).
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Diagonal Lie algebras

Let s = U;s; be an infinite-dimensional diagonal Lie algebra.

The triple (/;, rj, z;) denotes the signature of the homomorphism s; — ;1
and n; denotes the dimension of the natural s;-module.

We can assume that
- all s; are of the same type X (X = A, C, or O);
-r=0ifXisnotAand [; > rif X = A;

- n1:1,I1:n2, r1221:0.

We will write s = X(T), where T = {(/;, ri, zi) }ien.
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Diagonal Lie algebras

Setsi=li+r,c=L—-r, S= (Si)ieN: C= (Ci)iEN- Then
Stz(S) = sis2--- and Stz(C) = a1+ - - .
Put §; = % and 0; = &F. The limit §(7) = ’ILnOﬁO d; is called the
density index of T and the limit o(7) = lim o is called the symmetry
index of T . e
Density types of T
- T is pure, if §; = dj, > 0 for all i > ip;
- T is dense, if 0 < § < ¢; for all i;
- T is sparse, if 6 = 0.
Symmetry types of 7
- T is one-sided, if ¢c; = s; for all i > iy;
- T is two-sided symmetric, if there exist infinitely many ¢; = 0;
- T is two-sided weakly non-symmetric, if o(T) = 0;
- T is two-sided strongly non-symmetric, if o(T) > 0.
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Diagonal Lie algebras

Theorem (Baranov, Zhilinskii) Let X = A, C, or O and let
T ={(li,ri,zi)}. Then X(T) = X(T") if and only if the following
conditions hold.

(A1) The sequences T and T’ have the same density type.
(A2) Stz( ) < Stz(S").
As) 2 € Stz(s,) for dense and pure sequences.
¥ €5 )
(B1) The sequences T and T have the same symmetry type.
(B2) Stz(C) 2 Stz(C") for two-sided non-symmetric sequences.
B3) There exists o € Stz(s,) such that o € S2C). for two-sided strongly
tz(S’) St ( )

non-symmetric sequences. Moreover, o = y if in addition the triple
sequences are dense or pure.
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Diagonal Lie algebras

Theorem (Baranov, Zhilinskii) Let 7 = {(/;, i, z)}, T ={(//,0, z})}, and
T" = (7, 0,7")}

(i) A(T) = O(T") (resp., A(T) = C(T")) if and only if T is two-sided
symmetric, 2°° divides Stz(S’), and the conditions (\A;), (Az), (A3)
hold.

(i) O(T") = C(T") if and only if 2°° divides both Stz(S’), and Stz(S”),
and the conditions (A1), (A2), (As3) hold.
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The statement of the theorem

Theorem (M)

a) The three finitary Lie algebras sl(c0), so(oc), sp(oo) admit an
injective homomorphism into any infinite-dimensional diagonal Lie
algebra. An infinite-dimensional non-finitary diagonal Lie algebra
admits no injective homomorphism into sl(c0), so(c0), sp(o0).

b) Let s1 = X1(71), 52 = X2(72) be infinite-dimensional non-finitary
diagonal Lie algebras. Set S; = Stz(S;), S = GCD(S51, S2),

R, = +(S,‘, 5), o = (5(77), C = StZ(C,'), C = GrCD(C;[7 C2),

Bi = +(C;, C), and o; = o(7;) for i = 1,2. Then s; admits an
injective homomorphism into s» if and only if the following conditions
hold.

1) Ry is finite.
2) s; is sparse if 7 is sparse.
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The statement of the theorem

3) If s1 and sy are non-sparse, both Ry and Ry are finite, and S is not
divisible by an infinite power of any prime number, then 651 <3 R2 for
€ as specified below. The inequality is strict if s1 is pure and 59 |s
dense. We have € = 2, except in the cases listed below, in which
e=1:

3.1) (X1,X2) =(C,C), (0,0), (C,A), (0,A), and (X1, X5) = (A, A) with
both s; and s, being one-sided;

3.2) (X1, X2) = (A, A), By is finite, either s1 is one-sided and s; is two-sided
non-symmetric or s, is two-sided weakly non-symmetric and s; is
two-sided non-symmetric;

3.3) (X1,X2) = (A, A), By is finite, both s1 and s, are two-sided strongly
non-symmetric, either B, is infinite or C is divisible by an infinite power
of any prime number;

3.4) (X1, X2) = (A, A), both By and B; are finite, both s1 and s, are
two-sided strongly non-symmetric, C is not divisible by an infinite

; Rioi Ryoo
power of any prime number, and B = B
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|deas of the proof (sl(co) — pure one-sided)

sl(2) e sl(k) sl(k+1) ——— -

. |

Sl(n]_ng)*>"'*>Sl(n1'"”k)*>Sl(”]_"'”k+]_)H"'

We choose 6 such that as sl(k)-modules
Vi dsl(k) 2= af A\°(Fe) @ af A'(Fe) @ - @ af A“(Fi).
2
3 a1

2 .2 52

with the conditions

ak+ a,’-‘H = nka,’f_l, k>1and 38 =1.
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|deas of the proof (sparse one-sided + pure one-sided)

(/,‘,O,Z,')

sl(ny1) sl(n;)

) |

sl(my) —— - ——sl(my---m;)

si(njpy) —— - -
ai

si(my - mjpq) — - - -
Vi Lsl(n) & @yep, Fa @+ @ Fpy, di = R"e%(”\l — An;)-

[5Y
Using branching rules we prove that d; > dj;1. Denote d = limd;.

(mi41,0,0)
—_—

Then Agy1 = Agy2 = -+ = Ap,—qg for A € H; for large enough i, which

yields 1(6;) < n;"f"
1

ml...mi.

/Sl(ml"’mi)

. heliog
s1(m) in two ways we get — = > C.

By calculating
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Homomorphisms of diagonal Lie algebras

@ Diagonal and non-diagonal homomorphisms

o Natural representations of diagonal Lie algebras

A natural g-module is any non-zero g-module which can be
constructed as a direct limit V = Ii_m>V,,, where V,, is the natural

gn-module.

@ Inductive systems
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Thank you for your attention! ]

Sergei Markouski (Jacobs University) Homomorphisms of Dialgonal Lie Algebras July 22, 2010 15 /15



